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Synopsis
The Standard Model (SM) of particle physics is our present understanding of Nature.
It is a framework in which properties and behavior of the fundamental particles and
forces can be studied. It offers a unified description of the electromagnetic and weak
forces along with the strong force in the microscopic domain. At the fundamen-
tal level, these forces act among quarks and leptons (the matter particles) through
gauge bosons (the mediator particles). The model has been remarkably successful
in explaining a huge amount of data collected so far at various high energy particle
collider experiments throughout the world. Despite its success, there are direct as
well as indirect evidences which indicate that the SM cannot be a complete story of
the Universe. It does not include the fourth force of Nature, the Gravity. It does
not account correctly for the dominance of matter over antimatter as observed in
the Universe. It does not have any suitable candidate for the proposed Dark matter
particles.
Apart from these direct evidences, there are certain theoretical inconsistencies as-
sociated with the model. It predicts the existence of a fundamental scalar, the Higgs
boson as a result of the electroweak symmetry breaking (EWSB) through the SU(2)
doublet of scalar fields. The recent discovery of a fundamental boson (' 125 GeV)
at the Large Hadron Collider (LHC) experiments might confirm the existence of this
last missing piece of the SM particle jungle soon. Within the model, the quantum
correction to the Higgs mass is not stable; it is quadratically divergent and requires
a very fine tuning of parameters. This is known as a fine tuning or naturalness prob-
lem in the literature. Another problem, more of a philosophical nature and closely
related to the naturalness problem, is the unexplained hierarchy between the elec-
troweak symmetry breaking scale (∼ 100 GeV) and the fundamental scale of Gravity
ix
in 4 dimensions, the Planck scale (∼ 1019 GeV). The desirable unification of the
fundamental forces is also not feasible within the model. All these lead us to believe
that the SM is only a low energy description of a deeper reality. We expect new
physics and new particles to appear at higher energy scales (∼ TeV), where the SM
predictions are not yet tested.
There are many candidates for new physics, with their own merits and demerits,
which address many of the above mentioned problems. Models based on supersymme-
try, models of new forces and models of extra dimensions are few among many. Their
predictions can be tested at the present day high energy colliders such as the LHC and
this requires calculations to be done in both the SM and new physics models. Any
deviation from the SM predictions is a signature of new physics. The problem of large
hierarchy between the electroweak and the Planck scales can be addressed within the
models of extra space dimensions. Among various models of extra dimensions, the
ADD model of large extra dimensions is one of the very first successful attempts in
this direction. In the ADD model, the number of space-time dimensions is taken 4+δ.
The SM degrees of freedom live on a (3 + 1)-dimensional brane, while the Gravity
can access the full 4 + δ dimensions. The extra space dimensions are supposed to be
compact. In this model, the 4-dimensional Planck scale is only an effective scale and
the fundamental scale of Gravity, MS can be near TeV scale. In 4 dimensions, the
4 + δ dimensional graviton appears as an infinite tower of Kaluza-Klein (KK) modes
and it couples to the energy-momentum tensor (Tµν) of the SM fields. The direct
production of the KK-gravitons gives rise to missing energy signals in the detector.
At hadron colliders the fundamental interactions take place among its constituents,
the quarks and the gluons. Collectively these are called partons and they carry a cer-
tain momentum fraction of the parent hadron. Although the coupling of the strong
interaction (αs) acting among the partons is quite large at low energies, due to the
property of asymptotic freedom it is possible to apply perturbative methods at the
parton level at higher energies. The color confinement forces the partons not to
be seen as free particles and therefore, perturbative calculations at the parton level
may appear meaningless. The factorization theorem provides a means to calculate
x
hadronic cross sections in terms of partonic ones. Predictions obtained this way have
been verified at the hadron colliders such as the Tevatron and the LHC. The pp¯ col-
lider facility at the Tevatron has been recently shutdown. The LHC is a proton-proton
collider with the centre-of-mass (c.m.) energy in the multi-TeV range. It is presently
running at 8 TeV c.m. energy and more than 10fb−1 of data has been collected so
far at the two general purpose detectors, the ATLAS (A Toroidal LHC Apparatus)
and the CMS (Compact Muon Solenoid ). At higher energies the gluon distribution
functions are quite important, and therefore, gluon fusion processes can contribute
significantly towards the SM as well as new physics predictions.
In this thesis, I have studied certain gluon fusion processes at the hadron collid-
ers. We have considered the di-vector boson production in association with a jet via
gluon fusion within the SM. We have also considered the direct production of the KK-
gravitons in association with a boson via gluon fusion in the ADD model. All these
processes share a common feature that they proceed via the quark loop diagrams at
the leading order (LO) itself and being LO contributions these are expected to be
finite. Total cross sections and phenomenologically relevant kinematic distributions
constitute the main results of these studies. The amplitude calculation is done at the
parton level. One of the most difficult parts of the calculation is the reduction of one-
loop tensor integrals into a suitable set of one-loop scalar integrals. In our projects, we
have one-loop five-point tensor integrals of rank five as the most complicated tensor
structures. We have worked with two different codes for the one-loop tensor reduc-
tion in n dimensions. An analytical tensor reduction code in FORM was developed
during the ADD model projects. It is based on the reduction method suggested by
Denner-Dittmaier, and the reduction of any one-loop tensor integral up to four-rank,
four-point function can be performed using it. We have used it successfully in our
ADD model projects to make various checks on amplitudes. For actual numerical
calculations we have used a numerical code written in FORTRAN following the one-
loop tensor reduction method of Oldenborgh-Vermaseren. Any one-loop amplitude
in 4 dimensions, after the tensor reduction, can be expressed in terms of the scalar
integrals of box, triangle, bubble and tadpole types and an additional piece called the
Rational part. Thus the singularity structure of any one-loop amplitude is dictated
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by those of the scalar integrals. The rational part is an artifact of the regularization
of ultra-violet (UV) divergences of one-loop tensor integrals. We have derived the
one-loop scalar integrals, required in this thesis, following the method of ’t Hooft-
Veltman. UV singularities are regularized in 4 − 2 dimensions while infra-red (IR)
singularities are regularized by giving a small mass to the quarks in the loop. Due
to the numerical instability these scalar integrals are used only for making finiteness
checks on amplitudes. Actual numerical results are obtained using the scalar integrals
from the LoopTools and the OneLOop packages.
In the ADD model, the process gg → BGKK contributes to pp → BGKK + X at
the next-to-leading order (NLO) in αs. These processes proceed via quark loop dia-
grams of the triangle and the box types. We work with all the six quark flavors and
except the top quark all others are treated as massless. We find that the amplitude
for gg → γGKK vanishes at the LO. This can be shown using Furry’s Theorem and
the charge conjugation property of the graviton. Due to the same reason the vector
part of the gg → ZGKK amplitude does not contribute. Since the axial part of the
amplitude is proportional to the T 3q value, it does not receive any contribution from
the first two generations. We find that due to the nature of the graviton coupling
with the quarks, both the triangle and box diagrams are linearly divergent and give
rise to the anomaly. We have studied the intricate relationship between the anomaly
and the rational terms in linearly divergent fermion loop amplitudes. We find that
in fermion loop amplitudes (including those plagued with the chiral anomaly), cor-
rect rational terms can be obtained utilizing the Decoupling theorem. The process
gg → HGKK receives dominant contribution from the top quark in the loop. It is a
leading non-zero contribution to pp → HGKK + X, if we neglect the bottom quark
mass. In all these cases, we have studied the variation of the total cross section with
respect to the collider c.m. energy. We observe a significant cancellation between the
triangle and the box contributions at the amplitude level. We find that at the typical
LHC energy the cross section is only few fb. We give the transverse momentum (pT )
and the rapidity (η) distributions of the bosons (Z/H) and examine the effect of
changing the renormalization and the factorization scales. In the direct production
processes of the KK-gravitons, all the kinematically allowed modes are produced and
xii
therefore we also discuss their distribution. We have studied changes in our results
as the ADD model parameters δ and MS are varied. We have also checked the effect
of choosing different sets of the parton distribution functions (PDFs).
In the SM, the process gg → V V ′g contributes to pp → V V ′j + X at the next-
to-next-to-leading order in αs. Like the corresponding di-vector boson production
cases, these are important backgrounds to the Higgs boson production as well as new
physics scenarios. In particular, we have considered the production of γγg, γZg,
ZZg and W+W−g at the LHC. The process gg → γγg has been calculated in the
past. We have updated its cross section and have reconfirmed the importance of this
processes at the LHC. In the ZZg and W+W−g cases, we have ignored the Higgs
boson interference effects. These proceed via the quark loop diagrams of the box and
the pentagon types. The box diagrams give only the vector contribution while the
pentagon diagrams give both the vector and the axial-vector contributions. We work
in the limit of the decoupling of the top quark. We have studied the variation of
the hadronic cross section with respect to the collider c.m. energy for all the four
processes. We find that these one-loop contributions are in the range of 4 − 15% of
the corresponding tree-level contributions. We also give some important kinematic
distributions common to all the four processes.
In a more complete study of the γZg production process, we explicitly check the
decoupling of the top quark at the amplitude level as well as at the level of the total
cross section. We have quantified the contributions of the vector and the axial-vector
parts of the amplitude towards the total cross section. We also study the effects of
changing the renormalization and the factorization scales and the effect of choosing
the PDF sets. We have considered the decay of the Z boson, and a comparison
with the corresponding LO and NLO calculation is also made. We briefly discuss the
method adopted to deal with the numerical instabilities in our calculations.
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Chapter 1
Introduction
It is an exciting period for all of us who have been looking beyond the well established
fundamental laws of Nature. Our current understanding of fundamental particles and
their interactions is dubbed as the Standard Model (SM) of particle physics. In the
past four decades or so, its predictions have been tested time and again in a wide-
variety of experiments, and the model has become a paradigm. However, the story
does not end here. We now know that the SM, despite its success, does not address
many of the important issues about which we have become aware over the years. We
do not have a satisfactory quantum theory of Gravity, the fourth fundamental force of
Nature. Although the SM has ingredients to generate matter-antimatter asymmetry,
the amount of asymmetry predicted by it does not explain the asymmetry observed
in the Universe. We know that the SM particle spectrum describes only 4 % of the
Universe. Investigating the nature of dark matter and dark energy, which make up
96 % of the Universe, remains a big challenge. Few experimental measurements like
the forward-backward asymmetry of the top quark pair production at the Tevatron,
and the muon g − 2 measurement at the BNL, seem to be inconsistent with the SM
calculations [1, 2]. The well known hierarchy between the Planck scale and the scale
of electroweak symmetry breaking also seeks a natural explanation. All these and
many other issues suggest the existence of new physics beyond the SM. There have
been many proposals such as supersymmetric models, extra-dimensional models and
models of grand unification to address some of these questions, but their confirmation
can come only from the experiments. For a review on the topics related to the SM
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and possible new physics, one may refer to [3].
The discovery of new physics (a signal) is always complemented by the knowledge
of known physics (the background). Every new discovery in an experiment becomes
a background for future experiments. To find a signal, a precise knowledge of the
background is essential. The Tevatron, a proton-antiproton collider at the Fermi-
lab, was in service for almost 28 years before it was shut down on September 30,
2011. It has tested and refined the SM through many fundamental discoveries and
measurements, such as the discovery of the top quark, the observation of direct CP
violation in the decay of neutral kaons, the direct observation of the tau neutrino,
precision measurements of weak interaction parameters, the observation of single top
quark production and the discovery of many mesons and baryons [4]. It also played a
crucial role in narrowing down the mass range for the SM Higgs boson, discovery of
which is expected to be confirmed soon at the Large Hadron Collider (LHC) [5]. The
collider delivered more than 10 fb−1 of data before going for a full stop. The data
analysis will keep experimentalists engaged for several years. After the Tevatron, in a
collider type experiment, the LHC is the next big step in achieving the goal of testing
the SM predictions at higher energies and uncovering new physics.
The LHC, a proton-proton collider at CERN, seems to have achieved a lot within
a short span of its ongoing career. It is a fact of amusement and amazement that
the whole SM of particle physics was rediscovered at the LHC withing a year of its
full operation [6]. Very recently, the discovery of a Higgs-like particle at both the
general purpose LHC experiments, the CMS and the ATLAS, was announced [7–9].
It is believed that this Higgs-like particle could be the very Higgs boson of the SM.
Further analysis is going on in this direction. Before the discovery of this Higgs-like
particle, the observation of a new quarkonium state and the observation of a new
bottom baryon was also reported [10, 11]. Although their discovery is not as crucial
as that of the Higgs boson, their existence and measured properties are definitely
consistent with our beloved SM. So far, we do not have a conclusive evidence of any
new physics [12–15]. However, with ever growing data and its ongoing analysis, a
large parameter space in many potential candidates of new physics, has already been
ruled out.
At the LHC, two beams of protons are collided with an unprecedented amount of
2
energy. At present the collider is operating at 8 TeV centre-of-mass energy. Future
plans to upgrade it to 14 TeV and beyond are already under considerations. The
proton is a composite particle and at very high energy it can be seen as a collection
of quarks, antiquarks and gluons. For a given set of final state particles, any process
at the proton-proton collider may proceed through various channels like quark-quark,
quark-gluon and gluon-gluon channels. Due to the possibility of a large gluon flux at
high energy hadron colliders, we have considered a specific class of processes which
are initiated by the gluon-gluon channel. We have divided our study of gluon fusion
processes into two parts – the background processes and the signal processes. We have
considered di-vector boson and a jet production via gluon fusion within the SM. These
processes have never been seen earlier, so it will be a test for the SM itself. They may
have significant cross sections at the LHC and therefore are important backgrounds to
the Higgs boson and many new physics signals. We have also considered the gluon-
gluon contribution to the associated production of an electroweak boson with the
KK-gravitons in the ADD (Arkani-Hamed, Dimopoulos and Dvali) model. The model
offers an explanation to the SM hierarchy problem. All these gluon fusion processes
proceed via quark loop diagrams at the leading order (LO). Unlike in the case of
radiative corrections to a tree-level process, there is no issue of renormalization/
factorization because these LO one-loop processes are finite. However, the calculation
of multiparticle one-loop amplitudes itself is quite difficult. Although the method of
calculating one-loop amplitudes has evolved quite a lot lately, we have taken the
traditional route of one-loop tensor reduction to calculate them. In addition, the
fermion loop amplitudes, due to their special properties, provide a unique opportunity
to understand the structure of one-loop amplitudes in general.
This thesis is organized as follows. Within this chapter, in the next few sections
we will give a brief overview of the Standard Model and the ADD model. We will also
argue that the gluon fusion processes at high energy hadron colliders are important.
In chapter 2, we will describe the general structure of one-loop amplitudes using the
methods of tensor reduction. Some special properties of fermion loop amplitudes
will also be discussed. The production of a pair of electroweak vector bosons in
association with a jet via gluon fusion will be studied in chapter 3. We will present
the cross section calculations and important kinematic distributions at the LHC. Next,
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in chapter 4, we will consider the associated production of an electroweak boson and
KK-gravitons via gluon fusion at the LHC. The dependence of cross sections and
various kinematic distributions on the ADD model parameters will also be studied.
We will summarize the thesis in chapter 5. Many complementary topics are included
in the appendix.
1.1 The Standard Model
The SM is a renormalizable local quantum field theory, based on the gauge group
SU(2)L×U(1)Y ×SU(3)c. It is a gauge theory meaning that the allowed interactions
among fundamental particles are fixed by demanding the invariance of the free field
Lagrangian under the local gauge transformation of fields [16, 17]. The (spin-1/2)
matter particles, leptons and quarks, live in the fundamental representation while the
(spin-1) mediator particles, gauge bosons, live in the adjoint representation of the
gauge groups. The SU(2)L×U(1)Y component of the SM can be considered a unified
description of the electromagnetic and weak interactions. The electroweak classical
Lagrangian consistent with the local gauge invariance is given by
LEW = −1
4
(W aµν)
2 − 1
4
(Bµν)
2 + iψ¯ /Dψ, (1.1)
where the field strength tensor of the SU(2) gauge fields W aµ (x) (a = 1, 2, 3) and that
of the U(1)Y gauge field Bµ(x) are
W aµν = ∂µW
a
ν − ∂νW aµ + gw εabcW bµW cν , (1.2)
Bµν = ∂µBν − ∂νBµ. (1.3)
Here gw is the SU(2) gauge coupling parameter. Physical fields of the electroweak
interaction are linear combinations of the above fields,
W±µ =
1√
2
(W 1µ ∓ iW 2µ), (1.4) Zµ
Aµ
 =
cosθw −sinθw
sinθw cosθw
  W 3µ
Bµ
 . (1.5)
The angle θw is known as the weak mixing angle and it is defined by
cosθw =
gw√
g2w + g
′2 , sinθw =
g′√
g2w + g
′2 , (1.6)
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where g′ is the U(1)Y gauge coupling parameter. Though all the gauge fields are
massless at this stage, their triple and quartic couplings are already present in the
Lagrangian; a hallmark of non-Abelian gauge theories. The coupling of the fermions
with the gauge bosons is defined through the covariant derivative,
Dµ ≡ ∂µ − igwW aµT a − ig′BµY (1.7)
= ∂µ − i gw√
2
(W+µ T
+ +W−µ T
−)− i gw
cosθw
Zµ(T
3 − sin2θwQ)
− ieAµQ, (1.8)
with T± = T 1 ± iT 2, Q = T 3 + Y and e = gw sinθw = g′ cosθw. (1.9)
Q and e are the charge and the coupling parameter of the electromagnetic interac-
tion, respectively. Y is the U(1)Y charge called the hypercharge. The {T a} are the
generators of the SU(2) gauge group and their algebra is given by,
[T a, T b] = iεabcT c and [T a, Y ] = 0. (1.10)
In Eq. 1.7, these generators appear in the fundamental representation. We see here
that all the couplings of the electroweak vector bosons are described by two param-
eters, e and θw. However, a shift from the set {gw, g′} → {e, θw}, does not imply
true unification of the weak and the electromagnetic interactions. Existence of the
Z boson, and therefore the existence of weak neutral currents was a very successful
prediction of the model. The fact that weak interactions differentiate left and right-
handed fermions, is implemented in the theory by grouping left-handed fermions into
SU(2) doublets and taking right-handed fermions as SU(2) singlets. That explains
the subscript ‘L’ in the SU(2)L. For the first generation of fermions, the ψ field in
Eq. 1.1, represents the following set of fermion fields: νe
e

L
, eR,
 u
d

L
, uR, dR.
Quantum numbers of these fermion fields are shown in Table 1.1. There are two more
copies of the above set in the SM and all of them have been observed experimentally.
Fermions of the first generation are sufficient for this brief introduction. Due to
historical reasons, the νeR field is not included in the above set.
It is clear that mass terms for both the gauge bosons and fermions violate gauge
invariance. But in Nature, we do see massive fermions and massive gauge bosons
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of weak interaction. This implies that the electroweak symmetry must be broken
to meet the reality. In the standard electroweak model, this symmetry breaking is
achieved by introducing a SU(2) doublet of complex scalar fields with Y = 1/2,
Φ(x) =
 φ+(x)
φ0(x)
 . (1.11)
The idea here is to couple the complex scalar doublet with the gauge fields and
Fermions T 3 Y Q
νeL +
1
2
−1
2
0
eL −12 −12 −1
eR 0 −1 −1
uL +
1
2
+1
6
+2
3
dL −12 +16 −13
uR 0 +
2
3
+2
3
dR 0 −13 −13
Table 1.1: Quantum numbers of leptons and quarks of the first generation. The Y
value of fields is decided using the Gell-Mann–Nishijima relation, Q = T 3 + Y . This
relation naturally arises in the theory. Each quark field is threefold degenerate in
electroweak interactions due to its color content.
with the fermions in a gauge invariant manner. The scalar doublet couples with the
gauge fields through the covariant derivative given in Eq. 1.7, and it couples with the
fermion fields through Yukawa interactions,
Lscalar = |DµΦ|2 − V (Φ)− yd ψ¯L.Φ ψR − yu ψ¯L.Φ˜ ψR + h.c., (1.12)
V (Φ) = −µ2(Φ†Φ) + λ(Φ†Φ)2, (1.13)
and Φ˜ = iσ2Φ
† =
 φ0
−φ−
 . (1.14)
ψL and ψR represent, respectively, the set of doublets and singlets of fermion fields
introduced above. Only gauge invariant combinations of these fields can appear in
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Eq. 1.12. yu and yd are Yukawa couplings and they are related to the upper and lower
components of the left-handed fermion doublets. In Eq. 1.14, σ2 is a Pauli matrix.
Note that, no new coupling parameter is introduced for the interaction of scalars with
the gauge bosons. The first term in the Lagrangian includes gauge invariant terms,
quadratic in gauge fields and coupled with the scalar doublet. Now the electroweak
symmetry is broken spontaneously in the scalar sector, which then propagates into
the gauge and fermion sector through its couplings with them, by giving a non-zero
vacuum expectation value to the scalar doublet, i.e.,
< Φ >0=
1√
2
 0
v
 . (1.15)
Here v =
√
µ2/λ is obtained by minimizing the scalar potential in Eq. 1.13, provided
λ, µ2 > 0. A comparison with the effective theory of weak interactions at low energy
implies v = (GF
√
2)−1/2 ' 246 GeV, GF being the Fermi constant. Remember that
the µ2-term in the potential is not the mass term as it appears with the incorrect sign
in the Lagrangian. As a result of the spontaneous symmetry breaking, the quadratic
gauge field terms become the mass term of the corresponding gauge bosons and the
fermions become massive through the Yukawa terms. The masses of the electroweak
bosons and fermions, in this model, are given by
MW = gw
v
2
, MZ =
√
g2w + g
′2 v
2
=
MW
cosθw
, (1.16)
Mγ = 0 and mf = λf
v√
2
. (1.17)
Taking the experimental inputs for v and θw (sinθw ' 0.23), the correct masses for
the W± and Z bosons were predicted by the model. On the other hand, fermion
masses are parameterized in terms of unknown Yukawa couplings. The observed
hierarchy of fermion masses does not find a natural explanation in this model. The
above mechanism of mass generation for fermions and gauge bosons is known as
the Higgs mechanism [18–23]. The fact that the photon remains massless implies
that the subgroup U(1)em is unbroken. Note that neutrinos are massless in the SM
as defined above. The neutrino oscillation experiments suggest that neutrinos are
massive, however, whether they are Dirac particles or Majorana particles is not yet
clear [3, 24, 25]. In the SM, a Dirac mass term for neutrinos can be generated via
Higgs mechanism by introducing a νeR field.
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Since the true vacuum is defined by a non-zero expectation value, we must reparametrize
the complex scalar doublet taken in Eq. 1.11. In the unitary gauge, there are no un-
physical degrees of freedom and the scalar doublet can be taken as
Φ(x) =
1√
2
 0
v +H(x)
 . (1.18)
The real scalar field H(x), also called the Higgs field, is the only physical scalar field
left after the symmetry breaking has taken place. The other three real scalar fields of
the scalar doublet are the goldstone bosons resulting from the spontaneous symmetry
breaking. They provide longitudinal degrees of freedom to weak bosons making them
massive. Replacing Φ(x) in Eq. 1.12 with the above choice, we not only generate
masses of various fields as described above, we also obtain interactions of the Higgs
field with the gauge and fermion fields. The scalar potential contains the Higgs boson
mass term, with the mass given by
MH =
√
2µ2 =
√
2λ v, (1.19)
along with its self interactions. The SM does not provide any direct information
on the value of MH because the parameter µ
2 of the scalar potential is a priori
unknown. Direct search experiments and various theoretical studies advocate a light
Higgs boson [3]. The recent discovery of a fundamental boson at the LHC, in the
mass range 125-126 GeV, might confirm this last missing piece of the SM [8,9]. The
electroweak model of SU(2)L×U(1)Y gauge group supplemented with the spontaneous
electroweak symmetry breaking, through a complex scalar doublet, is also known as
the Glashow-Weinberg-Salam (GWS) model [26–28]. The renormalizability of the
GWS model was proved by ’t Hooft [29].
The SM does not put any constraint on the number of fermion generations ng,
but to avoid anomalies (violation of gauge symmetries of classical Lagrangian due to
quantum effects), it does require that the number of quark generations must be equal
to the number of lepton generations. Introduction of more than one generation of
fermions in the model leads to the mixing of fields in the quark sector. This is related
to the fact that weak interaction eigenstates are different from the mass eigenstates.
If the number of fermion generations is greater than two, which is the case in the SM
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(ng = 3), CP violation can occur in weak interactions [30]. A very small CP violation
(1 part in 1000) has been observed in kaon and B-meson decays [3,31]. CP violation
is necessary to explain the matter-antimatter asymmetry in the Universe, but the
amount of CP violation present in the SM is not enough to quantify the observed
asymmetry. A primer on the electroweak sector of the SM can be found in Ref. [32].
The SU(3)c sector of the SM represents the strong interaction among colored fields,
the quarks and the gluons. Leptons are immune to the color force. The interactions
of quarks and gluons are governed by the classical Lagrangian
LQCD = −1
4
(Gaµν)
2 + q¯i(i /D −mq)ijqj, (1.20)
where the field strength of massless gluon fields Gaµ (a = 1 → 8), and the covariant
derivative acting on the quark fields qi (i = 1, 2, 3), are
Gaµν = ∂µG
a
ν − ∂νGaµ + gs fabcGbµGcν , (1.21)
(Dµ)ij = δij∂µ − igsGaµtaij. (1.22)
Here gs is the coupling parameter of the strong interaction and f
abc are the structure
constants of the SU(3) group. The generators {ta} of the group satisfy, [ta, tb] =
ifabc tc. In Eq. 1.22, they are in the fundamental representation. Like the photon in
QED, gluons – the force carriers of the strong interaction, remain massless due to the
local gauge invariance. On the other hand, the quark mass term is gauge invariant.
Unlike the photon, the gluons are charged under the gauge group and they interact
among themselves. The quantization of massless gauge field theories also require a
gauge-fixing term in the Lagrangian [33]. It is not possible to define the propagator
for massless gauge fields without making a gauge choice. A class of covariant gauges
can be introduced in Eq. 1.20, to fix the gauge
LGF = − 1
2ξ
(∂µGaµ)
2, (1.23)
where ξ is the gauge-fixing parameter. In non-Abelian massless gauge theories, to
cancel the effects of the unphysical timelike and longitudinal polarization states of
the gauge bosons, the covariant gauge-fixing term must be supplemented with the
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Faddeev-Popov ghost Lagrangian
LFP = η¯a(−∂µDabµ )ηb, (1.24)
with (Dµ)
ab = δab∂µ − gfabcGcµ. (1.25)
The ghost fields ηa are complex scalar fields which obey Fermi-Dirac statistics. Inde-
pendence of physical amplitudes on the gauge-fixing parameter ξ, provides a powerful
check on calculations. For practical reasons, the gauge fixing principle is also useful
in the quantization of electroweak Lagrangian.
An essential feature of a renormalizable QFT is the scale dependence of parameters
of the theory. The scale variation of coupling parameter αs = g
2
s/4pi, is determined
by the renormalization group equation [34,35],
Q2
∂
∂Q2
αs(Q
2) = β(αs). (1.26)
The β function has a perturbative expansion in αs
β(αs) = −α2s(b0 + b1αs + b2α2s + ...), (1.27)
where bi is the (i+ 1)-loop contribution to the β function. At one-loop, the solution
to the renormalization group equation is
αs(Q
2) =
αs(µ
2
r)
1 + b0αs(µ2r)ln(Q
2/µ2r)
, (1.28)
where µr is the renormalization scale and b0 = (33 − 2nf )/12pi with nf , the number
of light quark flavours. For nf < 16, b0 > 0 and therefore, unlike QED, in QCD
the coupling parameter decreases with increasing Q. This is the property of asymp-
totic freedom which makes perturbative methods useful in strong interactions at high
energy [36, 37]. The fact that isolated quarks and gluons are not observed and the
only finite energy asymptotic states of the theory are color singlets, is known as color
confinement. This can be seen as a consequence of the growth of the coupling at low
Q (. 1 GeV). A formal discussion on perturbative QCD can be found in Refs. [38,39].
1.2 The ADD Model: An Example of New Physics
The SM of particle physics, although very successful, is conceptually incomplete. In
absence of any new physics, the most fundamental scale in Nature is the 4-dimensional
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Planck scale, MP (=
1√
8piGN
) ∼ 1019 GeV. It is the scale around which the quantum
effects of 4-dimensional Gravity can no longer be ignored. On the other hand, the
electroweak symmetry breaking required to generate masses for fermions and gauge
bosons takes place at the scale of about 246 GeV. In the SM, the unexplained hier-
archy between the electroweak scale and the 4-dimensional Planck scale is considered
unnatural. The evolution of gauge couplings of the SM at higher energy scales (∼ 1016
GeV) provides a hint of a true unification (in the sense of a single coupling parame-
ter) of strong, weak and electromagnetic interactions. This scale, also known as the
Grand Unification scale, may be considered a natural scale of new physics but it does
not resolve the hierarchy problem. The Higgs boson mass is not stable against the
quantum corrections. Unlike fermions and gauge bosons, the Higgs boson mass is not
protected by any symmetry present in the SM. The one-loop quantum correction to
the Higgs mass is quadratically divergent and therefore, it strongly depends on the
new physics scale. Provided there is no new physics scale between the electroweak
and the Grand Unification scales, the Higgs boson mass cannot be kept low (around
the electroweak symmetry breaking scale) naturally. In other words, for a stable and
natural mass of the SM Higgs boson, a very fine tuning of various parameters in the
theory would be required. This is known as the naturalness or fine tuning problem of
the SM. These, so to speak problems of the SM, are central to many beyond the SM
physics proposals [40]. Various studies suggest that any new physics beyond the SM
might be operative around TeV scale. The LHC is fully capable of testing the SM
predictions very accurately at the TeV scale; therefore, it can find out signatures of
possible new physics.
There are many models of new physics which have been proposed in the last 30
years, and they come with their own set of pros and cons. Supersymmetric models
and extra-dimensional models are among many which have been studied extensively
in the literature [3]. Both the supersymmetry and the extra space dimensions are
important ingredients in the construction of the String theory, a promising theory of
the quantum Gravity. In the supersymmetric models, the quadratic divergence of the
Higgs mass is smoothened by introducing a symmetry between fermions and bosons.
In models of extra dimensions, Gravity plays a direct role in fixing the TeV scale
physics. In this thesis, we will consider a particular model of large extra dimensions,
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as an example of new physics scenario beyond the SM.
The problem of large hierarchy between the electroweak and Planck scales can be
addressed within the models of extra space dimensions. Among various models of
extra dimensions the model of large extra dimensions, proposed by Arkani-Hamed,
Dimopoulos and Dvali (ADD), is one of the very first successful attempts in this
direction [41–44]1. The predictions of this model can be probed at present day high
energy colliders. In the ADD model, the number of space-time dimensions is assumed
to be 4 + δ. The SM degrees of freedom live on a (3 + 1)-dimensional brane, while
Gravity is allowed to propagate in full 4 + δ dimensions. To avoid any direct con-
flict with the present day observations, these extra dimensions are assumed to be
compact. For simplicity, we consider compactification of these extra dimensions on
a δ-dimensional torus (T δ) with radius R/2pi. The space is thus factorized meaning
that the 4-dimensional part of the metric does not depend on the extra-dimensional
coordinates. We assume that the energy density on the brane does not affect the
space-time curvature and the extra space dimensions are flat. The fundamental scale
of Gravity MS, i.e., the (4+δ)-dimensional Planck scale is related to the 4-dimensional
Planck scale by,
M2P ≈M δ+2S Rδ. (1.29)
From this relation one can argue that if R (in general the volume of the compact extra
dimensions, Vδ) is large enough, the fundamental scale of Gravity in 4 + δ dimensions
can be as small as few TeV. The ADD model thus resolves the hierarchy problem of
the SM by proposing the fundamental scale of Gravity in the TeV range. However,
it introduces another hierarchy (unexplained within the model) between the scale for
the size of the extra dimensions (1/R) and the fundamental scale of Gravity (MS).
1Another very popular model of extra dimensions, in the context of the SM hierarchy problem, is
the model of warped extra dimensions, first proposed by Randall and Sundrum (RS) [45]. The model
considers 5-dimensional space-time where the fifth dimension is curved. In this model, the size of the
extra dimension can be very small and the fundamental scale of Gravity (the 5-dimensional Planck
scale) can be close to the 4-dimensional Planck scale. Warping of the fifth dimension plays the trick
of resolving the hierarchy problem. For a review on various other models of extra dimensions, one
may refer to [46].
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Even then it stands as a good phenomenological model to study. In 4 dimensions, the
(4+δ)-dimensional graviton appears as an infinite tower of KK-modes which includes
one spin-2 state, (n− 1) spin-1 states and n(n− 1)/2 spin-0 states. All these states
are mass-degenerate and mass of the nth mode is given by,
m2~n =
4pi2~n2
R2
. (1.30)
This mass spectrum is cutoff at the scale MS. The ~n = 0 mode corresponds to the
4-dimensional massless graviton, U(1) gauge bosons and scalars. The vector KK-
modes (A~nµi) decouple from the theory and the scalar KK-modes (φ
~n
ij) couple through
their trace. In this thesis, we are interested in the interaction of KK-gravitons. The
interaction of spin-2 component of these KK-modes (h
(~n)
µν ) with the SM is given by
an effective Lagrangian
Lint ∼ 1
MP
∑
~n
h(~n)µν (x) T
µν(x), (1.31)
where T µν is the energy-momentum tensor for the SM fields. MS plays the role of an
ultraviolet (UV) cutoff of the effective theory. The Feynman rules of the model are
derived in [47, 48]. We have followed Han et al. [48] and the ADD model Feynman
rules, required in this thesis, are listed in the appendix D.1.
The collider signatures of the model can be studied by looking at processes in
which KK-gravitons may appear as virtual states, or they may be produced directly
in the final state [47]. In this thesis, we will be interested in the direct production of
KK-gravitons. The effective interaction in Eq. 1.31, suggests that the coupling of a
single KK-graviton with the SM particles is suppressed by the 4-dimensional Planck
scale. In the direct production processes, all the kinematically allowed KK-modes
are produced and their contributions should be added up to obtain the inclusive
cross sections. Since each KK-graviton mode is degenerate and the mass separation
between modes is very small (∼ 1/R), we can work in the continuum limit to sum
the contributions of kinematically allowed KK-modes. In the continuum limit, the
inclusive cross section is
σ =
∫
dm ρ(m)
dσm
dm
. (1.32)
Here ρ(m) is the density of KK states and it is given by,
ρ(m) = 2
Rδmδ−1
(4pi)δ/2Γ(δ/2)
. (1.33)
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From Eqs. 1.29 and 1.33, we can see that although the cross section for the production
of a single KK-graviton (σm) is proportional to 1/M
2
P , the inclusive cross section,
obtained by summing over all KK-mode contributions, is only 1/M δ+2S suppressed.
Thus, if MS is in the TeV range, it can have observable effects at the LHC. Since the
coupling of each KK-mode with the SM particles is very small, the direct production
of KK-gravitons gives rise to missing energy signal in the detector. More details on
the model and its phenomenology can be found in [47–49].
1.3 Physics at Hadron Colliders
High energy particle colliders are powerful microscopes which help us in revealing the
secrets of Nature at the very small length scales (∼ 10−19 m). We have come a long
way since the first collider ADA (Anello Di Accumulazione) collided e+ and e− beams
at 500 MeV centre-of-mass energy and recorded single photon production2. We have
already entered into an era of multi-TeV hadron colliders such as the Tevatron and
the LHC, and have seen some of the very important discoveries in particle physics in
recent times.
Deep inelastic lepton-hadron scatterings, performed at SLAC3 and HERA4, did
confirm the parton model picture of hadrons [50]. According to the parton model,
hadrons are composite objects and they are made up of partons, the quarks and the
gluons. At hadron colliders, the fundamental interactions take place among these par-
tons and they carry a certain momentum fraction of the parent hadron. The coupling
of the strong interaction, αs(Q
2) is quite large at hadronic mass scales. However, due
to the property of asymptotic freedom, it is possible to apply perturbative methods at
the parton level at higher energies. In Fig. 1.1, we can see the running of the strong
coupling parameter with the scale of interaction at the LO and the next-to-leading
order (NLO). In hadronic collisons, the partons undergo many soft subprocesses (pro-
cesses involving low momentum transfer) before reaching the interaction point of a
hard scattering. These subprocesses do affect the cross section predictions but they
cannot be calculated perturbatively due to a large αs(Q
2) value at low Q. These
2http://www.lnf.infn.it/acceleratori/ada/
3Stanford Linear Accelerator Center
4Hadron Electron Ring Accelerator
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Figure 1.2: Parton Distribution Functions
of quark and gluon.
contributions can be factorized into parton distribution functions (PDFs) at the level
of cross section. Hadronic cross sections can be obtained in terms of partonic ones
using the factorization theorem to all orders in perturbation theory [51]. At the LHC
for a 2→ n process, the hadronic cross section is given by
σ(p+ p→ k1 + k2 + ...+ kn +X) =
∫ 1
0
dx1dx2
∑
a,b
fa(x1, Q
2)× fb(x2, Q2)×
σˆ(a+ b→ k1 + k2 + ...+ kn;Q2). (1.34)
The quantity fa/b(x,Q
2), known as a parton distribution function (PDF), defines
the probability that the parton ‘a/b’ inside a proton carries a momentum fraction
x. The scale dependence in the partonic cross section (σˆ) may enter through higher
order corrections due to the renormalization of the ultraviolet singularities and/or
due to the factorization of the collinear singularities. The scale dependence of the
parton distribution function is a prediction of perturbative QCD and it has been
verified, experimentally. The parton distribution functions contain the information
on the soft/nonperturbative part of the hadronic interaction and they are universal.
Although they cannot be calculated from the first principle, their evolution with the
scale is governed by the perturbative QCD. Their evolution equation, known as the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation, is analogous to the
QCD β function [52,53].
In this thesis, we will be interested in gluon-gluon initiated processes at hadron
colliders. In Fig. 1.2, we have plotted quark and gluon distribution functions at
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Figure 1.3: Gluon Distribution Functions
at LO and NLO.
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Figure 1.4: Gluon Distribution Functions
at various scales.
Q = 100 GeV using the CTEQ6M PDF set. Note that we have multiplied the
distributions by the momentum fraction squared to reduce the large variation. It can
be seen that the gluon distribution function dominates over the quark distribution
function in the low-x region. As the collider centre-of-mass energy increases, partons
with smaller x values may also contribute towards a physical process. Therefore,
at the hadron collider such as the LHC, the gluon-gluon fusion processes are quite
important. The amplitudes of gluon fusion processes considered in this thesis are
finite, therefore, no renormalization and/or factorization proceedure is required. Thus
the scale dependence in the cross section predictions enters only through the QCD
coupling parameter, αs(Q
2) and the PDFs, fa(x,Q
2). In Fig. 1.3, we have plotted the
gluon distributions at the LO and NLO using CTEQ6L1 and CTEQ6M PDF sets.
The scale dependence of gluon distributions can be seen in Fig. 1.4. A comprehensive
introduction of particle phenomenology at hadron colliders can be referred to [53–55].
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Chapter 2
One-loop Tensor Reduction
We will now describe the reduction of one-loop tensor integrals, a very important
ingredient in the calculation of any one-loop amplitude. Calculation of scattering
amplitudes at one-loop level involves ill-defined integration over loop momentum.The
simplest example of loop integrals appear in φ3-theory. These are called scalar inte-
grals. Depending upon the number of propagators in the loop, these integrals can be
classified into various classes. Basic one-loop scalar integrals are shown in Fig. 2.11.
Following the nomenclature of ’t Hooft and Veltman [57], these integrals are
A0 ≡ I10 (m0) = (µ2)2−n/2
∫
dnl
(2pi)n
1
d0
, (2.1)
B0 ≡ I20 (p1;m0,m1) = (µ2)2−n/2
∫
dnl
(2pi)n
1
d0 d1
, (2.2)
C0 ≡ I30 (p1, p2;m0,m1,m2) = (µ2)2−n/2
∫
dnl
(2pi)n
1
d0 d1 d2
, (2.3)
D0 ≡ I40 (p1, p2, p3;m0,m1,m2,m3) = (µ2)2−n/2
∫
dnl
(2pi)n
1
d0 d1 d2 d3
. (2.4)
Here, di = (l+ qi)
2 −m2i + i with qi =
∑i
j=1 pj and q0 = 0. We take all the external
momenta as incoming. We have introduced a mass scale µ to keep the natural mass-
dimension of scalar integrals intact in n dimensions. Hereafter, we will not show this
scale dependence explicitly in n-dimensional loop integrals. In this thesis, we will be
1 In this thesis, all the Feynman diagrams are drawn using Jaxodraw package [56].
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interested in one-loop diagrams with all internal lines of equal masses, i.e., m2i = m
2.
p1
l
l
p1
p2
l
p1
p2
p3
l
A0 (Tadpole) B0 (Bubble)
C0 (Triangle) D0 (Box)
m0
m0
m1
m0
m1
m2
m0
m1
m2
m3
Figure 2.1: Standard one-loop scalar integrals.
Thus, a general N -point scalar integral will have N such denominators. In 4
dimensions, any N ≥ 5-point scalar integral can be always written in terms of box
scalar integrals. In particular, a 5-point (pentagon) scalar integral can be reduced to
a sum of five box scalar integrals [58–60],
E0 =
4∑
i=0
ci D0(i), (2.5)
where D0(i) is the box scalar integral obtained after removing the i
th propagator in
E0. This derivation is included in the appendix B.3. These scalar integrals are well
known in the literature [61]. We have derived all the scalar integrals for the case
of massless internal lines, required in this thesis, using the method of ’t Hooft and
Veltman [57], and they are listed in the appendix B.2.
In gauge theories, one generally comes across loop integrals with loop momentum
appearing in the numerator. These are called tensor integrals. To set our notation,
we write down an N -point tensor integral of rank-m,
INµ1,µ2,....,µm(p1, ...., pN−1;m0, ....,mN−1) =
∫
dnl
(2pi)n
lµ1lµ2 ....lµm
d0 d1 d2.....dN−1
. (2.6)
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In renormalizable gauge theories, m ≤ N . Tensor integrals can also be evaluated in
the manner of scalar integrals. However, with increasing power of loop momentum in
the numerator, the straightforward evaluation of tensor integrals is not very appeal-
ing. A systematic approach towards the reduction of tensor integrals into the scalar
integrals was presented by Passarion and Veltman (PV) [62]. It is based on writing
down the most general tensor structure possible using the set of external momenta
{pi} and the metric tensor gµν . For example, the two-point (bubble) tensor integrals
of the rank one and two, which appear in the self-energy correction to photon, are
given by
Bµ = pµ B1, (2.7)
Bµν = gµν B00 + pµpν B11. (2.8)
The tensor coefficients B1, B00 and B11 can be written in terms of the tadpole and
bubble scalar integrals. For the case of p2 6= 0,
B1 = −1
2
B0, (2.9)
B00 =
1
(n− 1)
[
1
2
A0(0) +m
2B0 +
1
2
p2B1
]
, (2.10)
B11 =
1
p2
[
(n− 2)
2(n− 1)A0(0)−
1
(n− 1)m
2B0 − n
2(n− 1)p
2B1
]
. (2.11)
Here A0(0) is obtained from B0, dropping the d0 propagator. We will use this missing
propagator notation extensively, in the reduction of tensor integrals. Except for the
special case of m2 = 0, the above expression for B11 cannot be used if p
2=0. In that
case, we can evaluate the integral separately and the result is,
Bµν(p
2 = 0;m2) =
[
1
(n− 2)m
2gµν +
1
3
pµpν
]
B0(p
2 = 0;m2). (2.12)
The reduction of higher point and higher rank tensor integrals can be carried out
in a similar manner. Note that we have performed this reduction in n dimensions.
The reduction can of course be done in 4 dimensions, but then one has to be very
careful in shifting the loop momentum in UV divergent integrals. In linearly (or
worse) divergent loop integrals, any shift in the loop momentum leads to a finite
contribution. It is convenient, therefore, to perform the reduction in n = 4 − 2
dimensions. A detailed discussion on the reduction of higher point tensor integrals
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is given in the next section. The upshot is that any one-loop amplitude, regularized
properly in 4 dimensions, can be written in the basis of tadpole, bubble, triangle and
box scalar integrals, i.e.,
M1−loop =
∑
i
(
diD
i
0
)
+
∑
i
(
ciC
i
0
)
+
∑
i
(
biB
i
0
)
+
∑
i
(
aiA
i
0
)
+R. (2.13)
In this equation, R is known as the rational part and it is an artifact of the UV
regularization of tensor integrals. It is clear from the above relation that singularities
of one-loop amplitudes are encoded in a set of basic scalar integrals. In this thesis,
numerical results are presented using a FORTRAN implementation of the tensor
reduction method developed by Oldenborgh and Vermaseren (OV) [63]. We have also
implemented an analytic PV reduction of tensor integrals in FORM [64], following
Denner and Dittmaier [65]. The analytic reduction code has been extremely useful in
understanding the structure of one-loop amplitudes. We have used it to make various
checks on our amplitudes in the ADD model projects. In recent times, there have
been many new developments in the direction of one-loop calculations. A good review
on the subject of one-loop calculations can be found in Ref. [66].
2.1 Reduction of Standard Three and Four-point
Tensor Integrals
In this section, we will describe important features of the two reduction methods that
we have worked with in our projects. Before considering the actual reduction of tensor
integrals we would like to construct some useful objects and study their properties.
2.1.1 Projection operators for tensor reduction
For given two linearly independent vectors p1 and p2, we can always construct their
dual vectors v1 and v2 such that,
vi.pj = δij. (2.14)
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Clearly, vis are linear combinations of p1 and p2. Let v
µ
1 = a p
µ
1 + b p
µ
2 , then the
coefficients a and b can be obtained by solving the following matrix equation, 1
0
 =
p1.p1 p1.p2
p1.p2 p2.p2
  a
b
 . (2.15)
The 2× 2 symmetric matrix on the right hand side is known as the Gram matrix of
p1 and p2 and we will denote it by X2[p1, p2]. The solution for a and b, and therefore
the existence of v1 is related to the existence of the inverse of the Gram matrix. For
that, the determinant of the Gram matrix, i.e., the Gram determinant ∆2(p1, p2),
should not vanish and this will always be the case as long as p1 and p2 are linearly
independent. The inverse of the Gram matrix of p1 and p2 is given by
X−12 [p1, p2] =
1
∆2(p1, p2)
 p2.p2 −p1.p2
−p1.p2 p1.p1
 , (2.16)
with, ∆2 = p
2
1p
2
2 − (p1.p2)2. Solving for a and b we get,
vµ1 =
p2.p2
∆2
pµ1 −
p1.p2
∆2
pµ2 = δ
µp2
p1p2
/∆2. (2.17)
Here we have introduced the generalized Kronecker delta notation given in [58]. In
this notation,
δµ1µ2ν1ν2 =
∣∣∣∣∣∣ δ
µ1
ν1
δµ1ν2
δµ2ν1 δ
µ2
ν2
∣∣∣∣∣∣
and δp1p2q1q2 = δ
µ1µ2
ν1ν2
p1µ1 p2µ2 q
ν1
1 q
ν2
2 . (2.18)
Therefore, the Gram determinant ∆2 = δ
p1p2
p1p2
. Similarly we can write,
vµ2 = −
p1.p2
∆2
pµ1 +
p1.p1
∆2
pµ2 = δ
p1µ
p1p2
/∆2. (2.19)
Note that the inverse of the Gram matrix of p1 and p2, shown in Eq. 2.16, is the
Gram matrix of v1 and v2, i.e.,
X−12 [p1, p2] = X2[v1, v2]. (2.20)
This analysis can now easily be extended for constructing the duals of three and
four linearly independent vectors. For three linearly independent vectors p1, p2 and
p3, the duals are
vµ1 = δ
µp2p3
p1p2p3
/∆3, v
µ
2 = δ
p1µp3
p1p2p3
/∆3 and v
µ
3 = δ
p1p2µ
p1p2p3
/∆3, (2.21)
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with, ∆3 = δ
p1p2p3
p1p2p3
. In the case of four linearly independent vectors p1, p2, p3 and p4,
the duals are
vµ1 = δ
µp2p3p4
p1p2p3p4
/∆4, v
µ
2 = δ
p1µp3p4
p1p2p3p4
/∆4,
vµ3 = δ
p1p2µp4
p1p2p3p4
/∆4 and v
µ
4 = δ
p1p2p3µ
p1p2p3p4
/∆4, (2.22)
with, ∆4 = δ
p1p2p3p4
p1p2p3p4
. In general, we have
vµi =
∑
j
(vi.vj) p
µ
j and p
µ
i =
∑
j
(pi.pj) v
µ
j (2.23)
⇒ δik =
∑
j
(vi.vj) (pj.pk). (2.24)
In integer space-time dimensions where we can define the antisymmetric ε-tensors,
these dual vectors can be rewritten using,
δp1p2....pmq1q2....qm = ε
p1p2....pmεq1q2....qm . (2.25)
For example, in the case of two linearly independent vectors p1 and p2, the dual
vectors become
vµ1 =
εµp2
εp1p2
and vµ2 =
εp1µ
εp1p2
. (2.26)
In the context of one-loop tensor reduction, the set of dual vectors is known as van
Neerven-Vermaseren basis vectors. To regulate the UV singularity of tensor integrals,
we will be carrying out the reduction in n = 4 − 2 dimensions and therefore the
Kronecker delta representation of dual vectors will be more useful. It is easy to show
that in n dimensions,
δp1p2....pmµq1q2....qmµ = (n−m) δp1p2....pmq1q2....qm . (2.27)
Now we consider an another very useful object required in the reduction of tensor
integrals, the projective tensor
ωµν = δ
p1p2....pmµ
p1p2....pmν
/∆m
=
(
δµν −
m∑
i=1
vµi piν
)
=
(
δµν −
m∑
i=1
viνp
µ
i
)
, (2.28)
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for m linearly independent vectors defined in n dimensions . The projective tensor
satisfies following identities
ωµµ = n−m; ωµν piµ = ωµν pνi = 0; ωµν viµ = ωµν vνi = 0 and ωµνωνρ = ωµρ . (2.29)
Therefore, it is a projection operator into the space orthogonal to the vector space of
pis (the transverse space). The defining equation of the projective tensor can be seen
as a decomposition of the full metric tensor into two orthogonal spaces, i.e.,
gµν = gˆµν + ωµν , (2.30)
where gˆµν =
∑m
i=1 v
µ
i p
ν
i , is the metric tensor of the vector space of pis and it satisfies
gˆµµ = m; gˆ
µνpiµ = piν & gˆ
µνviµ = viν . Note that (n−m) is the dimensionality of the
transverse space and therefore the projective tensor exists only for m < n. Like gˆµν ,
ωµν can also be written in terms of orthonormal basis vectors of the transverse space,
say p˜is. Thus any vector in n dimensions can be completely expressed in terms of pis
and p˜is. This is particularly useful in decomposing the loop momentum appearing in
the numerator of tensor integrals. From Eq. 2.28,
lµ =
m∑
i=1
(l.vi) p
µ
i + ω
µ
l (Conventional decomposition)
=
m∑
i=1
(l.pi) v
µ
i + ω
µ
l (van Neerven− Vermaseren decomposition). (2.31)
For the particular case of n = m+ 1, the transverse space is one dimensional and
ωµν = δ
p1p2....pmµ
p1p2....pmν
/∆m = p˜
µp˜ν , (2.32)
where p˜µ = εp1p2....pmµ/εp1p2....pm , is the one and only basis vector in the transverse
space. The explicit form of p˜µ can be used in the reduction of box tensor integrals
(m = 3) in 4 dimensions. Clearly for m ≥ n, ωµν = 0 and the loop momentum is
completely expressible in pis. We have used this fact to reduce the pentagon scalar
and tensor integrals (m = 4) in 4 dimensions. We will heavily use the ideas developed
here in the reduction of tensor integrals [67].
2.1.2 Passarino-Veltman (PV) reduction
Let’s first consider the PV method of reducing tensor integrals. The 3-point functions
have two linearly independent momenta, p1 and p2. We can either use pis (the p-basis)
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or their linear combinations qis (the q-basis), to decompose the tensor integrals into
Lorentz-covariant structures. In the q-basis,
Cµ =
2∑
i=1
qµi Ci, C
µν = gµνC00 +
2∑
i,j=1
qµi q
ν
jCij, (2.33)
Cµνρ =
2∑
i=1
g[µνq
ρ]
i C00i +
2∑
i,j,k=1
qµi q
ν
j q
ρ
kCijk. (2.34)
The Lorentz indices within the square bracket represent a sum of all tensor structures
with a cyclic permutation of these indices. Note that the tensor coefficients are
symmetric under the permutation of all indices. We can extract tensor coefficients
by multiplying these expressions with appropriate combinations of the projection
operators ui (see Eq. A.10) and ω
µν defined above. The tensor coefficients of rank-1,
3-point function are given by,
Ci = u
µ
i Cµ = l.ui (2.35)
=
2∑
n=1
(ui.un)l.qn
=
2∑
n=1
(X−12 )inR
1
n, (2.36)
where
R1n = l.qn =
1
2
(dn − d0 − q2n)
=
1
2
[B0(n)−B0(0)− rnC0] ; rn = q2n. (2.37)
The overline notation implies a division by d0d1d2 and the n-dimensional loop inte-
gration consistent with Eq. 2.6. The tensor coefficients of rank-2, 3-point function
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are given by,
C00 =
1
(n− 2)ω
µνCµν =
1
(n− 2) ω
ll (2.38)
=
1
(n− 2)
[
l2 −
2∑
i=1
l.qil.ui
]
=
1
(n− 2)
[
B0(0) +m
2C0 − 1
2
2∑
i=1
(di − d0 − q2i )l.ui
]
=
1
(n− 2)
[
B0(0) +m
2C0 − 1
2
(
B0(0)−
2∑
i=1
q2iCi
)]
⇒ C00 = 1
(n− 2)
[
m2C0 +
1
2
B0(0) +
1
2
2∑
i=1
riCi
]
. (2.39)
Note that, dil.ui = 0 and d0
∑2
i=1 l.ui = −d0 = −B0(0).
Cij = (u
µ
i u
ν
j −
ui.uj
(n− 2)ω
µν)Cµν = l.uil.uj − ui.ujC00 (2.40)
=
2∑
n=1
ui.unl.qnl.uj − ui.ujC00
=
2∑
n=1
ui.un
[
l.qnl.uj − δnjC00
]
=
2∑
n=1
(X−12 )in
[
R2nj − δnjC00
]
, (2.41)
where
R2nj = l.qnl.uj =
1
2
(dn − d0 − q2n)l.uj
=
1
2
[Bµ(n)−Bµ(0)− rnCµ]uµj
=
1
2
[
B1(n) ¯δnj −Bj(0)− rnCj
]
, (2.42)
with ¯δnj = (1− δnj). Bj(0) are the coefficients of,
Bµ(0) = lµ = B1(0)q
µ
1 +B2(0)q
µ
2 . (2.43)
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The overline notation used here includes only the propagators d1 and d2. The tensor
coefficients of rank-3, 3-point function are given by,
C00i =
1
(n− 2)ω
µνuρiCµνρ =
1
(n− 2)ω
ll l.ui (2.44)
=
1
(n− 2)
2∑
n=1
(ui.un)ωll l.qn
=
2∑
n=1
(X−12 )inR
3
n00, (2.45)
where
R3n00 =
1
(n− 2) l.qn ω
ll =
1
2(n− 2)(dn − d0 − q
2
n)ω
ll
=
1
2
[Bµν(n)−Bµν(0)− rnCµν ] ω
µν
(n− 2)
=
1
2
[B00(n)−B00(0)− rnC00] . (2.46)
Instead of expanding l.qi if we expand ω
ll and use the above result, we get an alter-
native expression for C00i,
C00i =
1
(n− 1)
[
m2Ci +
1
2
Bi(0) +
1
2
2∑
j=1
rjCij
]
. (2.47)
Cijk = u
µ
i (u
ν
ju
ρ
k −
uj.uk
(n− 2)ω
νρ)Cµνρ − ui.ujC00k − ui.ukC00j (2.48)
= l.ui(l.ujl.uk − uj.uk
(n− 2)ω
ll)− ui.ujC00k − ui.ukC00j
=
2∑
n=1
(ui.un)l.qn(l.ujl.uk − uj.uk
(n− 2)ω
ll)− ui.ujC00k − ui.ukC00j
=
2∑
n=1
(X−12 )in
[
R3njk − δnjC00k − δnkC00j
]
, (2.49)
where
R3njk =
1
2
(dn − d0 − q2n)(l.ujl.uk −
uj.uk
(n− 2)ω
ll)
=
1
2
[Bµν(n)−Bµν(0)− rnCµν ] (uµj uνk −
uj.uk
(n− 2)ω
µν)
=
1
2
[
B11(n) ¯δnj ¯δnk −Bjk(0)− rnCjk
]
. (2.50)
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B00(0) and Bij(0) are the coefficients of,
Bµν(0) = lµlν = B00(0)g
µν +
2∑
i,j=1
qµi q
ν
jBij(0). (2.51)
Notice that we required at maximum one l.ui to be written in terms of l.qn. Thus
a higher point tensor coefficient is expressed in terms of lower point tensor and scalar
coefficients. The same analysis can be extended to the reduction of 4-point functions
up to rank-3 (Dµνρ) with appropriate definitions of ui and ωµν . For completeness, we
give here the reduction of rank-4, 4-point function,
Dµνρσ = g[µνgρ]σD0000 +
3∑
i,j=1
(
g[µνq
ρ]
i q
σ
j + g
σ[µqνi q
ρ]
j
)
D00ij
+
3∑
i,j,k,m=1
qµi q
ν
j q
ρ
kq
σ
mDijkm. (2.52)
The tensor coefficients are again extracted using suitable combinations of ui and ωµν ,
D0000 =
1
(n− 1)(n− 3)ω
µνωρσDµνρσ (2.53)
=
1
(n− 1)
[
m2D00 +
1
2
C00(0) +
1
2
3∑
i=1
riD00i
]
. (2.54)
D00ij =
ωµν
(n− 3)
[
uρiu
σ
j − ui.uj
ωρσ
(n− 1)
]
Dµνρσ (2.55)
=
3∑
n=1
(X−12 )in
[
S4n00j − δnjD0000
]
, (2.56)
where
S4n00j =
1
2
[Cµνρ(n)− Cµνρ(0)− rnDµνρ] ω
µν
(n− 3)u
ρ
j
=
1
2
[
C00jn(n) ¯δnj − C00j(0)− rnD00j
]
. (2.57)
with jn = j Θ(n− j) + (j − 1) Θ(j − n). Noting that,
D00ij =
ωµν
(n− 3)
[
uρiu
σ
j − ui.uj
ωρσ
(n− 3)
]
Dµνρσ + 2ui.ujD0000, (2.58)
an another equivalent form can be obtained,
D00ij =
1
(n− 1)
[
m2Dij +
1
2
Cij(0) +
1
2
3∑
n=1
rnDijn
]
. (2.59)
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Dijkm = u
µ
i
[
uνju
ρ
ku
σ
m − uj.uk
ωνρ
(n− 3)u
σ
m − uj.um
ωνσ
(n− 3)u
ρ
k − uk.um
ωρσ
(n− 3)u
ν
j
]
×
Dµνρσ − ui.ujD00km − ui.ukD00jm − ui.umD00jk (2.60)
=
3∑
n=1
(X−12 )in
[
S4njkm − δnjD00km − δnkD00jm − δnmD00jk
]
, (2.61)
where
S4njkm =
1
2
[Cµνρ(n)− Cµνρ(0)− rnDµνρ]×[
uµj u
ν
ku
ρ
m − uj.uk
ωµν
(n− 3)u
ρ
m − uj.um
ωµρ
(n− 3)u
ν
k − uk.um
ωνρ
(n− 3)u
µ
j
]
=
1
2
[
Cjnknmn(n) ¯δnj ¯δnk ¯δnm − Cjkm(0)− rnDjkm
]
. (2.62)
C00i(0) and Cijk(0) are the coefficients of,
Cµνρ(0) = lµlνlρ =
3∑
i=1
g[µνq
ρ]
i C00i(0) +
3∑
i,j,k=1
qµi q
ν
j q
ρ
kCijk(0). (2.63)
A complete list of tensor coefficients related to 1-,2-,3- and 4-point functions is
given in the appendix B of Ref. [65]. We have maintained the n dependence in writing
these tensor coefficients. In the above, one could have also used p−basis to expand
tensor integrals. It is just a matter of personal taste.
2.1.3 Oldenborgh-Vermaseren (OV) reduction
Now we turn to a tensor reduction method which is equivalent to the above but avoids
explicit computation of tensor coefficients. Introduction of artificial virtualities for
internal lines and the use of generalized Kronecker deltas allow compact formulae
for the tensor reduction. We will describe all the important aspects of this method
by applying it to the reduction of 3-point functions. We define s−vectors related to
the internal lines by p1 = s1 − s0, p2 = s2 − s1, p3 = s0 − s2, such that s2i = m2i ,
and p1 + p2 + p3 = 0. Recall the van Neerven-Vermaseren decomposition of the loop
momentum for a three-point function,
lµ = Pµ + ωµl ; Pµ =
2∑
i=1
(l.pi) v
µ
i , (2.64)
where vµ1 = δ
µp2
p1p2
/∆2, v
µ
2 = δ
p1µ
p1p2
/∆2 and ω
µ
ν = δ
p1p2µ
p1p2ν
/∆2. (2.65)
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Writing l.pi in terms of propagators,
Pµ = 1
∆2
[
δs0αp1p2δ
µα
p1p2
− 1
2
(
d0δ
µp2
p1p2
+ d1δ
µp3
p1p2
+ d2δ
µp1
p1p2
)]
. (2.66)
Also note that ωµν p
ν
i = ω
µ
νPν = 0. We are now set to do the tensor reduction. We will
again use the overline notation introduced previously. The rank-1, 3-point function
is give by,
Cµ = lµ (2.67)
= Pµ + ωµl (2.68)
=
1
∆2
[
δs0αp1p2δ
µα
p1p2
C0 − 1
2
(
δµp2p1p2B0(0) + δ
µp3
p1p2
B0(1) + δ
µp1
p1p2
B0(2)
)]
. (2.69)
Since lν can only be a linear combination of p1 and p2, it implies ω
µ
l = 0. This holds
true for any odd combination of ωµl . In the reduction of higher rank tensors we replace
one l at a time using Eq. 2.64. The rank-2, 3-point function is given by,
Cµν = lµlν (2.70)
= Pµlν + ωµl lν (2.71)
=
1
∆2
[
δs0αp1p2δ
µα
p1p2
Cν − 1
2
(
δµp2p1p2Bν(0) + δ
µp3
p1p2
Bν(1) + δ
µp1
p1p2
Bν(2)
)]
+ ωµνC00, (2.72)
where C00 =
1
(n− 2)ω
l
l =
1
(n− 2)(l
2 − P2) (2.73)
and (l2 − P2) = 1
∆2
[
δs0p1p2s0p1p2C0 +
1
2
δs1p2p1p2B0(0) +
1
2
δs0p3p1p2B0(1) +
1
2
δs0p1p1p2B0(2)
]
.
(2.74)
Similarly for the rank-3, 3-point function,
Cµνρ = lµlνlρ (2.75)
= Pµlνlρ + ωµl lνlρ (2.76)
=
1
∆2
[
δs0αp1p2δ
µα
p1p2
Cνρ − 1
2
(
δµp2p1p2Bνρ(0) + δ
µp3
p1p2
Bνρ(1) + δ
µp1
p1p2
Bνρ(2)
)]
+ ωµl Pνlρ + ωµl ωνl lρ (2.77)
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⇒ Cµνρ = 1
∆2
[
δs0αp1p2δ
µα
p1p2
Cνρ − 1
2
(
δµp2p1p2Bνρ(0) + δ
µp3
p1p2
Bνρ(1) + δ
µp1
p1p2
Bνρ(2)
)]
+
ωµρ
∆2
[
δs0αp1p2δ
να
p1p2
C00 − 1
2
(
δνp2p1p2B00(0) + δ
νp3
p1p2
B00(1) + δ
νp1
p1p2
B00(2)
)]
+ ωµl ω
ν
l Pρ + ωµl ωνl ωρl (2.78)
⇒ Cµνρ = 1
∆2
[
δs0αp1p2δ
µα
p1p2
Cνρ − 1
2
(
δµp2p1p2Bνρ(0) + δ
µp3
p1p2
Bνρ(1) + δ
µp1
p1p2
Bνρ(2)
)]
+
ωµρ
∆2
[
δs0αp1p2δ
να
p1p2
C00 − 1
2
(
δνp2p1p2B00(0) + δ
νp3
p1p2
B00(1) + δ
νp1
p1p2
B00(2)
)]
+
ωµν
∆2
[
δs0αp1p2δ
ρα
p1p2
C00 − 1
2
(
δρp2p1p2B00(0) + δ
ρp3
p1p2
B00(1) + δ
ρp1
p1p2
B00(2)
)]
.
(2.79)
B00(N) is the coefficient of Bµν(N). Although we can reduce 2-point functions also
using this method, we stick to the PV type reduction for Bµ and Bµν described above.
One can perform the reduction of 4-point functions along the same line with appro-
priately defined Pµ and ωµν . For the sake of completeness we list all the important
relations required in the recursive reduction of 4-point functions up to rank-4. For
the reduction of box tensor integrals,
lµ = Pµ + ωµl ; Pµ =
3∑
i=1
(l.pi) v
µ
i , (2.80)
where vµ1 = δ
µp2p3
p1p2p3
/∆3, v
µ
2 = δ
p1µp3
p1p2p3
/∆3,
vµ3 = δ
p1p2µ
p1p2p3
/∆3 and ω
µ
ν = δ
p1p2p3µ
p1p2p3ν
/∆3. (2.81)
Pµ = 1
∆3
[
1
2
δs0αβp1p2p3δ
µαβ
p1p2p3
− 1
2
(
d0δ
µp2p3
p1p2p3
− d1δµp3p4p1p2p3 + d2δµp4p1p1p2p3 − d3δµp1p2p1p2p3
)]
. (2.82)
(l2 − P2) = 1
∆3
[
δs0p1p2p3s0p1p2p3D0 +
1
2
δs1p2p3p1p2p3C0(0)−
1
2
δs0p3p4p1p2p3C0(1)
+
1
2
δs0p4p1p1p2p3C0(2)−
1
2
δs0p1p2p1p2p3C0(3)
]
. (2.83)
(l2 − P2)2 = 1
∆3
[
δs0p1p2p3s0p1p2p3 (l
2 − P2) + n− 3
2
δs1p2p3p1p2p3C00(0)−
n− 3
2
δs0p3p4p1p2p3C00(1)
+
n− 3
2
δs0p4p1p1p2p3C00(2)−
n− 3
2
δs0p1p2p1p2p3C00(3)
]
. (2.84)
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C00(N) can be obtained following Eq. 2.73. The tensor reduction method of Olden-
borgh and Vermaseren can be seen as a reduction in dual vector basis. This method
of reduction, due to its compactness, is very well suited for numerical implementation.
More details on the method can be found in Ref. [63].
2.2 Reduction of Five-point Tensor Integrals
The SM processes considered in this thesis have five external particles, therefore the
reduction of 5-point functions is also required. The most complicated tensor struc-
ture that occur in these processes is the rank-5, 5-point function Eµνρσα. Since these
integrals are UV finite, we can perform the tensor reduction in 4 dimensions. The
PV type reduction can be applied to them, but at this level it becomes very cumber-
some. Also the tensor decomposition of Eµν and of higher rank 5-point functions is
overcomplete because in 4 dimensions,
gµν =
4∑
i=1
pµi v
ν
i =
4∑
i,j=1
(vi.vj) p
µ
i p
ν
j , (2.85)
i.e., the four vectors pµi span the n = 4 dimensional Minkowski space. Thus for the
5-point functions,
lµ = Pµ =
4∑
i=1
(l.pi) v
µ
i
=
4∑
i=1
vµi
[
1
2
di − 1
2
di−1 + s0.pi
]
, (2.86)
and we can use ε-tensor representation of dual vectors, given by
vµ1 = ε
µp2p3p4/εp1p2p3p4 , vµ2 = ε
p1µp3p4/εp1p2p3p4 ,
vµ3 = ε
p1p2µp4/εp1p2p3p4 , vµ4 = ε
p1p2p3µ/εp1p2p3p4 . (2.87)
Therefore,
Pµ =
4∑
i=1
s0.pi v
µ
i −
1
2
(
d0 ε
µp2p3p4 + d1 ε
µp3p4p5 + d2 ε
µp4p5p1
+ d3 ε
µp5p1p2 + d4 ε
µp1p2p3
)
/εp1p2p3p4 . (2.88)
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This relation now can be used to write down 5-point tensor integrals in terms of 5-
point and 4-point functions of lower rank. For example, the rank-5, 5-point function
is given by,
Eµνρσα = lµlνlρlσlα = lµlνlρlσPα (2.89)
= Eµνρσ
4∑
i=1
s0.pi v
α
i −
[
Dµνρσ(0) εαp2p3p4 +Dµνρσ(1) εαp3p4p5
+Dµνρσ(2) εαp4p5p1 +Dµνρσ(3) εαp5p1p2 +Dµνρσ(4) εαp1p2p3
]/
εp1p2p3p4
(2.90)
and so on for lower rank 5-point functions. The reduction of 4-point functions appear-
ing in the above pentagon tensor reduction must be done in n dimensions. This ends
our discussion on the reduction of one-loop tensor integrals considered in this thesis
and we confirm the most general structure of one-loop amplitudes given in Eq. 2.13.
Remark: In a dimensionally regulated tensor coefficient/integral, replacing n =
4 − 2 at the end of the complete reduction leads to O() terms in its expression.
Whenever these O() terms hit 1/ pole of UV divergent integrals (A0 and B0 in the
complete reduction), the tensor coefficient gets finite contributions. These finite con-
tributions are called rational terms. The rational part R in Eq. 2.13, is the collection
of all such terms in a one-loop amplitude. We see that the rational terms appear
due to the UV regularization of tensor integrals. However, this does not mean that
those tensor coefficients/integrals which are UV finite will not have rational terms, or
tensor coefficients which are UV divergent will necessarily have rational terms. For
example, all rank-one tensor coefficients (including B1 which is UV divergent) do not
have rational terms because the n dependence enters through gµν , only when rank
≥ 2. On the other hand, the tensor coefficients Cij, Dijk, D00ij and Dijkl, all are UV
finite, but they do have rational terms. Unlike the rational terms of a UV divergent
tensor coefficient, those of a UV finite tensor coefficient are implicit, that is, the ra-
tional terms in a UV finite tensor coefficient arise only from the UV divergent tensor
coefficients. For example, see the expression of Cij in Eqs. 2.41 and 2.42. This also
implies that the n dependence in D00ij (Eq. 2.58) is of no consequence and we can
take n = 4. The same is true for the UV finite tensor coefficients of 5-point functions
with rank ≤ 5, and the reduction of 5-point functions into 4-point functions using the
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4-dimensional Schouten identity is completely justified. Note that the rational terms
in tensor coefficients of N -point functions with N > 2 are independent of internal
line masses if m2i = m
2. The explicit expressions for the rational parts of basic tensor
coefficients are given in Ref. [68].
2.3 Fermion Loop Amplitudes
In this thesis, as mentioned in the introduction, we will be dealing with the fermion
loop amplitudes. The fermion loop diagrams/amplitudes have many special properties
which can serve as an important check on calculations and can even simplify certain
calculations sometimes. In this section, we will discuss some of the properties which
we have come across while calculating fermion loop diagrams.
2.3.1 IR finiteness of fermion loop diagrams
In the mass regularization, the infrared singular part of a massless fermion loop
diagram appears as,
∼ A ln2(m2) +B ln(m2) +O(m2), (2.91)
where A and B are complex functions of kinematic invariants. The ln2(m2) piece
refers to an overlapping of the soft and collinear singularities. The classification of IR
singularities at one-loop is given in appendix B.1. In the following, we will show that
for a given (individual) fermion loop diagram, A = B = 0, that is, it is IR finite. In
general, IR finiteness is expected to hold for a gauge invariant combination of fermion
loop diagrams like in the case of their UV finiteness. The proof is obvious for the
case of massive fermions in the loop. Also, if all the external legs are massive/offshell,
the diagram would be IR finite even for massless fermions in the loop. So we need
to consider only those fermion loop diagrams in which fermions are massless or more
correctly their masses can be neglected and at least one external leg is massless.
In general, we can have scalars, gauge bosons and gravitons attached to a fermion
loop. With one massless external particle we expect only collinear singularity while
for two adjacent external massless particles, the soft and collinear singularities and
their overlap may develop. IR finiteness of a fermion loop diagram can be shown by
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showing its soft finiteness and collinear finiteness. This automatically takes care of
its finiteness in overlapping regions. At one-loop, the general fermion loop integral
has the following form (see Fig. 2.2),
I '
∫
dnl
tr(..../l i−1Vi/l iVi+1/l i+1....)
....l2i−1 l
2
i l
2
i+1....
, (2.92)
where Vis are vertex factors for a given massless external particle attached to the
pi(p
2
i = 0)
pi+1(p
2
i+1 = 0)
li
li−1
li+1
Vi
Vi+1
Vi−1
pi−1(p2i−1 = 0)
Figure 2.2: Massless fermion loop diagram. Dotted external lines represent any
suitable massless particle.
fermion loop. From the momentum conservation at each vertex, it is clear that
li = li−1 + pi, li+1 = li + pi+1 etc. The Feynman rules for needed vertices are given
in Fig. 2.3. For simplification, factors of ‘i’ and coupling constants etc. are dropped
in writing those rules. We did not consider graviton-graviton-fermion-fermion vertex,
since it does not correspond to a soft or collinear configuration described above. We
will closely follow the analysis of IR singular structure of one-loop diagrams described
in the appendix B.1.
First we would like to see the behavior of this integral as any of the internal lines
becomes soft, i.e., its momentum vanishes. Without loss of generality, we consider
softness of li and take li = . We see that in the limit → 0, the denominators which
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vanish in general are
l2i−1 = 
2 − 2 · pi,
l2i = 
2
and l2i+1 = 
2 + 2 · pi+1, (2.93)
where we have used on mass-shell conditions for pi and pi+1. Neglecting 
2 with
respect to  · pi and  · pi+1 in Eq. 2.93, we see that the integral in Eq. 2.92, in the
soft limit, behaves as
I ∼
∫
dn
/
 · pi 2  · pi+1 ∼ 
n−3, (2.94)
and it vanishes in n = 4 dimensions. Thus each fermion loop diagram is soft finite,
independent of the kind of massless external particles attached to it. We should
mention here that the soft finiteness of fermion loop diagrams is indirectly shown by
Kinoshita in [69].
≡ 1 ; ≡ γµ
µ
(a) (b)
µν
p
p′
≡ [γµ(p + p′)ν + γν(p + p′)µ]− gµν [γα(p + p′)α − 2m]
(c)
Figure 2.3: Feynman rules: (a) scalar-fermion-fermion vertex (b) vector boson-
fermion-fermion vertex (c) graviton-fermion-fermion vertex
Next we consider the behavior of the fermion loop integral in collinear region.
We take li = xpi+1 + ⊥, (x 6= 0,−1 as it corresponds to the softness of li and li+1,
respectively) with ⊥ · pi+1 = 0. Note that in ⊥ → 0 limit, this condition implies
collinearity of li with pi+1. In this collinear limit, only vanishing denominators are
l2i = 
2
⊥ and l
2
i+1 = 
2
⊥. Thus the integral in Eq. 2.92 reads,
I '
∫
dn⊥
4⊥
tr(.../l i−1 Vi /pi+1 Vi+1 /pi+1...). (2.95)
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We need to make the above substitution for li in Vis also, in case they may depend on
the loop momentum, e.g., in the graviton-fermion-fermion vertex. Since the vertex
factors are different for different kind of external particles (see Fig. 2.3), we will con-
sider three separate cases to see the behavior of fermion loop integral in the collinear
limit.
1. Scalars:
In this case, the vertex factor is simply Vi+1 = 1, and since /pi+1/pi+1 = p
2
i+1 = 0,
the integral in Eq. 2.95 is
I '
∫
dn⊥
4⊥
tr(.../l i−1/pi+1/pi+1...) = 0. (2.96)
2. Vector bosons:
The vertex factor in this case, is
Vi+1 = γµe
µ
i+1 = /ei+1. (2.97)
Here eµi+1 is the polarization vector of the vector boson with momentum pi+1.
Using the transversality and on-shell conditions for the vector boson, we see
that
/pi+1/ei+1/pi+1 = 2/pi+1ei+1 · pi+1 − p2i+1/ei+1 = 0. (2.98)
and therefore the fermion loop integral in collinear limit, Eq. 2.95, vanishes.
3. Gravitons:
The graviton-fermion vertex factor is given by
Vi+1 =
[
γµ(2li + pi+1)ν + γν(2li + pi+1)µ
−gµν(2/l i + /pi+1 − 2m)
]
eµνi+1, (2.99)
where eµνi+1 is the polarization tensor for graviton of momentum pi+1. It has
following well known properties,
eµνi+1gµν = (ei+1)
µ
µ = 0 (traceless condition),
pµi+1(ei+1)µν = 0 (transverse condition). (2.100)
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Using these properties the vertex factor in Eq. 2.99 becomes
Vi+1 = 4γµe
µν
i+1(li)ν . (2.101)
In the collinear limit, taken above, it is
Vi+1 = 4xγµe
µν
i+1(pi+1)ν = 0, (2.102)
due to the transverse condition. Therefore the fermion loop diagram with ex-
ternal gravitons, like the cases of scalars and vector bosons, is also collinear
finite.
Combining all the above results of this section, we see that a general fermion loop
diagram is soft as well as collinear finite. To summarize, the soft finiteness of fermion
loop diagrams follows from simple power counting in vanishing loop momentum, while
their collinear finiteness results utilizing various properties of massless external parti-
cles attached to the loop. The result holds even for axial coupling of external particles
with the fermion. Though we have not considered any flavor change in the loop, it
should be clear from the above analysis that our result remains true for any possible
flavor changing interaction vertex in the loop.
We can utilize the above fact regarding an individual fermion loop diagram to
show, that the IR structure of any one-loop amplitude with N ≥ 3 can be fixed
completely in terms of the IR structure of 3-point functions only. Since we have
learned quite a bit about one-loop amplitudes, it would be sufficient for us to show
that the IR singularities of box scalar integrals can be expressed in terms of those
of reduced triangle scalars. The amplitude of the fermion loop diagram, shown in
Fig. 2.4, is2
M1234(φ4) =
∫
dnl
(2pi)n
tr(/l/l 3/l 2/l 1)
l2 l21 l
2
2 l
2
3
=
∫
dnl
(2pi)n
4(l.l3 l2.l1 − l.l2 l3.l1 + l.l1 l2.l3)
l2 l21 l
2
2 l
2
3
. (2.103)
2Note that there are two more independent diagrams which contribute to the φ4-amplitude in
the Yukawa theory. We do not require them here.
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ll1
l2
l3
p1
p2 p3
p4
Figure 2.4: Interaction of 4 scalars in the Yukawa theory of scalars and fermions.
Rearranging the terms in the numerator, we can write
M1234(φ4) = (p21p23 + p22p24 − st) D0 + (s− p21 − p22) C0(3)
+(t− p21 − p24) C0(2) + (s− p23 − p24) C0(1)
+(t− p22 − p23) C0(0) + 2 B0(0, 2) + 2 B0(1, 3), (2.104)
where s = (p1 + p2)
2 and t = (p2 + p3)
2. C0(i) and B0(i, j) are reduced triangles and
bubbles written in the missing propagator notation introduced earlier in this chapter.
Since the bubble scalars are IR finite, the IR finiteness of the above fermion loop
amplitude implies
D0|IR = 1
(st− p21p23 − p22p24)
[
(t− p22 − p23) C0(0)|IR + (s− p23 − p24) C0(1)|IR
+(t− p21 − p24) C0(2)|IR + (s− p21 − p22) C0(3)|IR
]
, (2.105)
which is the desired result. It can be compared with the identity, derived in [60]
Dn0 =
1
2
(
3∑
i=0
αiC
n
0 (i) + (3− n)βDn+20
)
, (2.106)
where αi =
∑3
i=0(Y
−1)i+1 j+1 and β =
∑3
i=0 αi. Yij is the modified Cayley matrix
of the box integral. Since the six-dimensional box integral is finite, the IR structure
of box integrals is completely decided by that of triangle integrals in 4 dimensions.
We have used the identity in Eq. 2.105, to obtain the IR singular terms in some of
the complicated box scalar integrals listed in the appendix B.2. The IR finiteness
of an individual Feynman diagram can also serve a good check on tensor reduction
routines.
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2.3.2 Rational terms, Gauge invariance, Anomaly & Decou-
pling in fermion loop amplitudes
We know that the rational part R in Eq. 2.13, is a result of the UV regularization of
tensor integrals. In a UV finite fermion loop amplitude, R is independent of masses
of internal lines 3. We have verified this in many UV finite fermion loop amplitudes
including those considered in this thesis. It should be clear from the general structure
of one-loop amplitudes that in a gauge invariant amplitude, R should be separately
gauge invariant. In the case of one-loop calculation of fermion loop diagrams, in
dimensional regularization, the issue of chiral anomaly is related to the presence of
odd number of γ5 in a linearly (or worse) divergent integrals. There is always an
ambiguity in carrying out the full calculation in dimensional regularization as γ5
is strictly a 4-dimensional object. However, his ambiguity arises only in fixing the
rational part of the amplitude. The non-rational finite part of the amplitude is strictly
4-dimensional. Therefore, any O() structure of γ5, if it at all exists in n = 4 − 2
dimensions, should contribute to the rational part only. Thus anomalies affect only
the rational part of the amplitude. They are also independent of the fermion mass.
It is well known that anomalies may affect the gauge invariance of the amplitude. In
the presence of anomaly, any violation of the gauge invariance of an amplitude should
occur only in the rational part of the amplitude – the non-rational part should remain
gauge invariant.
In a fermion loop amplitude containing both the vector (γµ) and axial-vector
(γµγ5) type couplings, it is reasonable to expect that the chiral anomaly, being as-
sociated with γ5, should spoil only the axial-vector current conservation and the
conservation of vector current must hold. However, it is not very clear if this feature
can always be ensured by treating γ5 in 4 dimensions. The 4-dimensional γ5 may lead
to spurious anomalies in the amplitude, resulting in the non-conservation of vector
currents. To ensure the vector current conservation in the amplitude, it is advisable
to use an appropriate prescription for γ5 in n dimensions. It is important to note
that if we do not regulate anomaly by using a suitable n-dimensional γ5 prescription,
3To our knowledge, there is no proof of this statement and it can be taken as a conjecture. From
the point-of-view of the validity of this statement, any overall factor of fermion mass in the amplitude
is irrelevant.
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various other symmetries of the amplitude may not hold. Even the relation between
charge-conjugated fermion loop diagrams does not hold and the violation, as we now
expect, is only in the rational part. Thus by using an appropriate prescription for γ5
in n dimensions, we generate a rational part consistent with various symmetries of
the amplitude. The treatment of γ5 in n dimensions is discussed in the appendix C.2.
Now we will discuss how one can obtain the correct rational part of a fermion
loop amplitude by doing the full calculation just in 4 dimensions. The decoupling
of heavy fermions is in general expected in any UV finite fermion loop amplitude
involving couplings which are not proportional to the fermion mass in the loop [70].
This is a very nice feature of fermion loop amplitudes. It can be utilized to fix the
rational part of the amplitude without any ambiguity. It is particularly important
in calculating fermion loop amplitudes suffering from the anomaly and where an n-
dimensional γ5 prescription is needed to generate the rational part consistent with
various symmetries of the amplitude. Since the amplitudes are UV finite and the
decoupling of heavy fermions does hold, it implies that there must be a cancellation
between the mass independent (n−4)-dimensional rational part and the 4-dimensional
non-rational finite part of the amplitude in Eq. 2.13 as large fermion mass limit is
taken. Therefore, we do not need to calculate the rational terms explicitly. The
rational part R is simply the negative of the non-rational part of the amplitude in
large fermion mass limit. Though the decoupling does not hold if a Higgs boson is
attached to the fermion loop, the structure of the fermion loop amplitude (with Higgs
bosons) suggests that one can still fix the rational part by taking the large fermion
mass limit. For that, one should take away the overall (explicit) factor of the fermion
mass before taking the limit. Once again the amplitude goes to zero indicating a
cancellation between the rational part and the non-rational part of the amplitude.
In the appendix C.1, we have given the expressions of ggH and ggZ quark loop
amplitudes treating both the gluons off-shell. One can see there that, indeed, after
removing any overall factor of quark mass from the amplitude, the rational terms
are independent of quark mass and in the m2 → ∞ limit, the amplitude vanishes
due to a cancellation between rational and non-rational parts of the amplitude. This
knowledge, about the rational terms in UV finite fermion loop amplitudes, also gives
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an opportunity to examine the validity of the reduction of 5-point functions into 4-
point functions using the 4-dimensional identity. One may worry that carrying out
these reductions also in n dimensions may give additional contribution to the rational
part of the amplitude. In our SM projects described in chapter 3, we have confirmed
by making separate gauge invariance checks on the rational part and also by checking
the decoupling theorem in UV finite amplitudes, that the (n = 4 − 2)-dimensional
reduction of 5-point functions does not differ from the 4-dimensional one in  → 0
limit. We would like to emphasize that in a UV finite and gauge invariant fermion
loop amplitude, decoupling theorem check is more powerful than the gauge invariance
check, in ensuring the correctness of the rational part.
Remark: Fermion loop amplitudes involve the trace of a string of γ-matrices
over Dirac indices. After the trace evaluation a fermion loop amplitude is, in general,
a collection of the scalar and tensor integrals. It is interesting to note that in a
fermion loop diagram containing at maximum one spin-0 particle leg, the amplitude
can always be cast in such a form that it does not explicitly depend on the fermion
mass. The fermion mass terms appear explicitly after tensor reduction. They are
also present in the scalar integrals. In all our fermion loop processes including the
one involving a Higgs boson, we have observed this feature.
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Chapter 3
Gluon-Gluon Contribution to
Di-vector Boson + Jet Production
In this chapter, we will study within the SM, the production of a pair of electroweak
vector bosons in association with a hard jet via gluon fusion. In particular, we
will consider leading order gg → γγg, gg → γZg, gg → ZZg and gg → W+W−g
processes at hadron colliders such as the LHC. These processes proceed via quark loop
diagrams at the leading order itself. In fact, the process gg → V V ′g contributes to
the hadronic process pp→ V V ′j+X at the next-to-next-leading order (NNLO) in αs.
Being leading order contributions, these are finite and therefore their contributions
towards the hadronic cross sections can be calculated separately. We will compute the
hadronic cross sections of these gluon initiated process at various collider centre-of-
mass energies and compare them with the corresponding tree-level hadronic processes.
We will also make a comparison with the corresponding gg → V V ′ processes. Some
important kinematic distributions common to them, will also be given. We will
present a detailed study of gg → γZg process which is central to all other processes.
We will make comments on the issue of numerical instabilities which commonly arises
in such calculations. This chapter is based on the work reported in [71–73].
The search for new physics at the LHC is in progress and the collider is delivering
data presently at 8 TeV centre-of-mass energy. The discovery of a fundamental scalar
particle (most probably a Higgs boson) of mass around 125 GeV has received a lot
of world-wide attention [7–9]. We expect more good news from the experiments
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at the LHC before the collider goes for a two year long pause. So far, the SM of
particle physics seems to be in excellent agreement with the collected data (more
than 10 fb−1). There have been searches for the hints of physics beyond the SM
such as supersymmetry, large extra dimensions, etc. But, as of now, there is no clear
evidence [12–15]. The process of identifying the discovered fundamental scalar particle
as the Higgs boson is also continuing. Due to the lack of signals for beyond the SM
scenarios, there is a need to look for the SM processes that were not accessible earlier
at the Tevatron. Most of such processes have several particles in the final state,
and/or occur at the higher order. Calculations of multiparticle processes not only
provide tests of the SM, they can also contribute to the background to new physics
signals. One such class of processes is multi-vector boson production in association
with one or more jets.
At the LHC centre-of-mass energy, the collider has another useful feature. In
the proton-proton collisions, the gluon luminosity can be quite significant. It can
even dominate over the quark luminosity in certain kinematic domains. Therefore,
at the LHC, loop mediated gluon fusion processes can be important. Di-vector boson
production via gluon fusion have been studied by many authors [74–80]. We con-
sider another class of processes gg → V V ′g, where V and V ′ can be any allowed
combination of electroweak vector bosons. These processes can be a background to
the Higgs boson production as well as new physics scenarios such as the Techni-
color. At the leading order, these processes receive contribution from quark loop
diagrams. The prototype diagrams are displayed in Fig. 3.1. The calculations for
the process gg → γγg have already been performed [81, 82]. Preliminary results for
gg → γZg were presented in [71]. Recently, Melia et al. have presented calculations
for gg → W+W−g [83]. In the next section, we give details on the structure of the
amplitudes. In section 3.2, we describe the method of calculation and important nu-
merical checks. Numerical results are presented in section 3.3 and a discussion on the
issue of numerical instability in our calculations follows in section 3.4.
43
(a) (b)
(c)(d)
Figure 3.1: The prototype diagrams for the processes gg → V V ′g. The wavy lines
represent the appropriate combination of the γ, Zor W boson. The last two classes
(c) and (d) are relevant to WWg production only. We do not consider diagrams
involving Higgs boson for the ZZg and WWg cases.
3.1 The Amplitudes
The processes γγg, γZg and ZZg receive contribution from two main classes of quark
loop diagrams – pentagon and box types, as shown in (a) and (b) of Fig. 3.1. The
box class of diagrams are due to the triple gluon vertices and they can be further
divided into three subclasses. This subclassification has its own physical importance.
These subclasses are separately gauge invariant with respect to the electroweak vector
bosons. Other diagrams can be obtained by a suitable permutation of external legs.
For each quark flavor, there are 24 pentagon-type and 18 box-type diagrams. However,
due to Furry’s theorem, only half of the 42 diagrams are independent. The γγg
amplitude is purely vector type. In γZg and ZZg cases, the pentagon diagrams give
both the vector as well as axial-vector contributions, while the box diagrams give only
vector contribution. We work with five massless quark flavors and expect decoupling
of the top quark.
In the case of WWg process, instead of a single quark flavor, two quark flavors
of a single generation contribute to the above discussed pentagon and box diagrams.
To keep the matter simple, for this process, we work with the first two generations
of massless quarks. It is expected that the contribution from the third generation
will not be significant in low pT region [80]. There are additional box and triangle
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classes of diagrams due to γ/Z WW vertex for each quark flavor. These are shown
in (c) and (d) of Fig. 3.1. Due to Furry’s theorem, the triangle diagrams with γWW
coupling do not contribute and only axial-vector part of the triangle diagrams with
ZWW coupling contribute to the amplitude. Since the axial-vector coupling of the
Z boson to a quark is proportional to the T 3q value, the axial-vector contributions
from additional triangle and box diagrams, when summed over a massless quark
generation, vanish. The vector contribution from the additional box-type diagrams
is separately gauge invariant. Because of its color structure, it interferes with the
axial-vector part of the pentagon amplitude. We have explicitly checked that its
contribution towards the cross section is very small; therefore we have dropped this
contribution. Thus, effectively we are left with the ZZg-like contributions for WWg.
The Higgs boson interference effects for the cases of ZZg and WWg are ignored in the
present calculation. Our one-loop processes, being the leading order processes, are
expected to be finite, i.e., free from ultraviolet (UV) and infrared (IR) divergences.
The amplitudes of our processes has the following general structure:
Mabc(gg → V V ′g) = i f
abc
2
MV (V V ′g) + d
abc
2
MA(V V ′g),
MV (V V ′g) = − e2g3s CV (V V ′g) (PV − BV ) ,
MA(V V ′g) = − e2g3s CA(V V ′g) (PA) . (3.1)
This structure is explained in detail in [71]. HereMV,A are amplitudes for the vector
and axial-vector parts of the full amplitude under consideration. Because of the
Bose symmetry MV → −MV under the exchange of any two external gluons while
MA remains same. BV and PV,A are the box and pentagon contributions from a
single flavor (single generation for the WWg case) of quarks. The structure of the
amplitude suggests that the vector and axial-vector contributions, in the γZg, ZZg
and WWg cases, should be separately gauge invariant. Moreover, due to the color
structure when we square the amplitude, the interference between the vector part and
the axial-vector part vanishes, i.e.,
|M(gg → V V ′g)|2 =
(
6|MV |2 + 10
3
|MA|2
)
. (3.2)
Therefore the cross section of any of these processes, is an incoherent sum of the vector
and axial-vector contributions. The couplings CV,A for various cases are listed below
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and contributions from all the relevant quark flavors (described above) are included
appropriately.
CV (γγg) =
11
9
, CA(γγg) = 0,
CV (γZg) =
1
sinθwcosθw
(
7
12
− 11
9
sin2θw
)
,
CA(γZg) =
1
sinθwcosθw
(
− 7
12
)
,
CV (ZZg) =
1
sin2θwcos2θw
(
5
8
− 7
6
sin2θw +
11
9
sin4θw
)
,
CA(ZZg) =
1
sin2θwcos2θw
(
−5
8
+
7
6
sin2θw
)
,
CV (WWg) =
1
sin2θw
(
1
2
)
,
CA(WWg) =
1
sin2θw
(
−1
2
)
. (3.3)
We would also like to see if the top quark loop contributes significantly in γγg
and γZg processes. The top quark coupling in these amplitudes can be found in [73].
3.2 Calculation and Numerical Checks
For each class of diagrams, we write down the prototype amplitudes using the SM
Feynman rules [52]. The amplitude of all other diagrams are generated by appropri-
ately permuting the external momenta and polarizations in our code. The quark loop
traces without γ5 are calculated in n dimensions, while those with γ5 are calculated in
4 dimensions using FORM [64]. We do not need any n-dimensional prescription for γ5
as the pentagon diagrams, which are the only contributions to the axial-vector part
of the amplitude, are UV finite and free of anomaly. The amplitude contains one-loop
tensor integrals. In the case of pentagon-type diagrams, the most complicated inte-
gral is rank-5 tensor integral (Eµνρσδ), while for the box-type diagrams, rank-4 tensor
integral (Dµνρσ) is the most complicated one. Five point tensor and scalar integrals
are written in terms of box tensor and scalar integrals using 4-dimensional Schouten
Identity. The box tensor integrals are reduced, in n = 4 − 2 dimensions, into the
standard scalar integrals – A0, B0, C0 and D0 using FORTRAN routines that follows
from the reduction scheme developed by Oldenborgh and Vermaseren [63]. We require
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box scalar integrals with two massive external legs at the most. The scalar integrals
with massive internal lines are calculated using OneLOop library [84]. Because of a
very large and complicated expression of the amplitude, we calculate the amplitude
numerically before squaring it. This requires numerical evaluation of the polarization
vectors of the gauge bosons. We choose the real basis, instead of the helicity basis,
for the polarization vectors to calculate the amplitude. This is to reduce the size of
the compiled program and the time taken in running the code. We use RAMBO in
our Monte Carlo integration subroutine to generate three particle phase space for our
processes [85].
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Figure 3.2: Ward identities for gg → γγg pentagon and box diagrams. All the
momenta are taken incoming. The dotted lines take care of momentum insertion at
relevant vertices.
Since the processes gg → V V ′g are leading order one-loop processes, the general
amplitude in Eq. 3.1 should be both UV as well as IR finite. However, individual
diagrams may be UV and/or IR divergent. The IR divergence is relevant to only light
quark cases. All these singularities are encoded in various scalar integrals. To make
UV and IR finiteness checks on our amplitude we have derived all the required scalar
integrals and they are listed in the appendix B.2. Following are the details of various
checks made on our amplitude given in Eq. 3.1.
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1. UV Finiteness: The tadpole and bubble scalar integrals (A0 and B0) are
the only sources of UV singularity in any one-loop amplitude. For the case of
massless internal lines, A0s do not appear in the tensor reduction. For both the
massive and massless quark contributions, we have verified that the amplitude
is UV finite. The amplitude of each pentagon diagram has only UV finite tensor
integrals. Therefore, each pentagon diagram is UV finite by itself as expected
from a naive power counting. The box diagrams individually are not UV finite.
Therefore, the cancellation of the divergence in the sum of the box diagrams
is an important check. We find that the three classes of box diagrams are
separately UV finite.
2. IR Finiteness: The diagrams with massless internal quarks have mass singu-
larities. Even in the case of a quark of small mass, like the bottom quark, these
diagrams may have large logarithms which should cancel for the finiteness of the
amplitude. There can be ln2(m2q) and ln(m
2
q) types of mass singular terms. We
have checked explicitly that such terms are absent from the amplitude. More-
over, we have verified that the IR finiteness holds for each fermion loop diagram,
confirming the general result proved in Sec. 2.3.1.
3. Ward Identities: Certain mathematical identities can be obtained by replac-
ing a polarization vector by its 4-momentum in any of the pentagon/box am-
plitudes. This way a pentagon amplitude can be written as a difference of two
(reduced) box amplitudes and also a box amplitude can be written as a dif-
ference of two (reduced) triangle amplitudes. For example, if we replace the
polarization vector of one of the photons by its 4-momentum in the prototype
pentagon and box amplitudes for gg → γγg, we get
MP (p1, p2, p3, p4; e1, e2 = p2, e3, e4, e5) =MB(p1, p2 + p3, p4; e1, e3, e4, e5)
−MB(p1 + p2, p3, p4; e1, e3, e4, e5),
(3.4)
MB(p1, p2, p3; e1, e2 = p2, e3, e45) =MT (p1, p2 + p3; e1, e3, e45)
−MT (p1 + p2, p3; e1, e3, e45).
(3.5)
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Here eis are polarization vectors of the gauge bosons and e45 denotes the triple
gluon vertex attached to the box/triangle diagram. These identities are shown
diagrammatically in Fig. 3.2. We have verified them numerically. These Ward
identities are important checks on individual diagrams and a set of these iden-
tities can also be utilized for a systematic study of numerical instabilities in the
tensor reduction, near exceptional phase space points. An exceptional phase
space point corresponds to the vanishing of a partial sum of the external mo-
menta.
4. Gauge Invariance: As we have seen, because of the color structure, the vector
and axial-vector parts of the amplitude do not interfere and they are separately
gauge invariant. The vector part of the amplitude has gauge invariance with
respect to the three gluons and the electroweak bosons. This has been checked
by replacing the polarization vector of any of these gauge particles by its mo-
mentum (εµ(pi)→ pµi ) which makes the amplitude vanish. As one would expect
the pentagon and the three classes of box contributions are separately gauge in-
variant with respect to the electroweak bosons. For each gluon, one of the three
classes of box amplitudes is separately gauge invariant and further cancellation
takes place among the pentagon and the other two box contributions. The
axial-vector part of the amplitude is separately gauge invariant with respect to
all the three gluons and the photon. We verify that due to explicit breaking of
the chiral symmetry in the presence of a quark mass, the axial-vector part of
the amplitude, in γZg, ZZg and WWg cases, vanishes on replacing the Z/W
boson polarization by its 4-momentum only in the mq → 0 limit.
5. Decoupling of heavy quarks: As a consistency check, we have also verified
that the vector and axial-vector parts of the amplitude vanish in the large
quark mass limit [70]. This feature of the amplitude is very closely related to
its UV structure. The decoupling theorem holds for each pentagon amplitude
and also for each class of box amplitudes. For the process gg → γZg, in
Fig. 3.3, we have plotted the ratio of the squared-amplitudes for five and six
quark flavor contributions as a function of the top quark mass. The phase space
point corresponds to a fixed partonic centre-of-mass energy,
√
s = 8MZ . The
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vector and axial-vector contributions are plotted separately. The mt = 4MZ
corresponds to the scale above which the top quarks in the loop cannot go on-
shell. Various slope changes shown in this plot correspond to the possibilities
of producing one or more final state particles via on-shell tt¯ annihilation.
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Figure 3.3: Decoupling of the top quark in gg → γZg amplitude. The vector and
axial-vector contributions are shown separately.
3.3 Numerical Results
Based on the procedure outlined above, we can now compute the hadronic cross
sections and examine various features of our processes. As we have already mentioned,
we compute amplitudes numerically using the real polarization vectors of the gauge
bosons. There are 32 polarized amplitudes for the case of γγg, 48 for the case of γZg
and 72 for the cases of ZZg and WWg. Given the number of diagrams, the number of
polarization combination and the length of the amplitude, the computation becomes
very time consuming. Each phase space point evaluation takes about 1.3 seconds
on a single machine that we use. We use ifort compiler on Intel Xeon CPU 3.20GHz
machines. We, therefore, run the code in a parallel environment using AMCI package,
a PVM implementation of the VEGAS algorithm [86, 87]. We have used more than
30 cores to run the code in the parallel environment. Still it takes more than 12 hours
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to get suitable cross section which includes both the massive and massless quark
contributions. We will now divide our numerical results into two parts. In the first
part, we will do a comparative study of the γZg, ZZg and WWg processes. Also
we will update the results for γγg at 8 TeV LHC. The second part will deal with the
numerical results for the γZg process in greater detail.
σ
(fb
)
√S (TeV) 
γZg
ZZg
WWg
 0
 200
 400
 600
 800
 1000
 1200
 1400
 2  4  6  8  10  12  14  16  18  20
Figure 3.4: Variation of the cross sections
with the collider centre-of-mass energy for
gg → V V ′g.
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Figure 3.5: Variation of the cross sections
with the collider centre-of-mass energy for
gg → V V ′.
3.3.1 Numerical results for V V ′g
Since the processes γZg, ZZg and WWg have both the vector and the axial-vector
contributions, we can put them in one class and study their relative behavior. Their
results do not include the top quark-loop contribution. The comparative study, pre-
sented in this section, uses following kinematic cuts:
pγ,Z,W,jT > 30 GeV, |ηγ,Z,W,j| < 2.5, , R(γ, γ/j) > 0.6, (3.6)
where R(γ, j) =
√
∆ηγj + ∆φγj, is the isolation cut between the photon and the jet.
In addition to this, we have chosen the factorization and the renormalization scales
as µf = µr = p
γ/Z/W
T , as appropriate. In this section, we have used CTEQ6M parton
distribution functions to obtain the results [88]. In Fig. 3.4, we present the results
of the cross section calculation for the three processes. We note that at typical LHC
energy, the cross sections are of the order of 100 fb. For example, at the centre-of-mass
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energy of the 8 TeV, the cross sections are 46.7 fb, 95.5 fb, and 225.2 fb, respectively
for the γZg, ZZg and WWg production processes. Therefore, one may expect a few
thousand of such events at the end of the present run. But a W/Z boson is observed
through its decay channels. If we consider the case when all the W/Z bosons are
seen through their decays to the electron/muon only, then, with 20 fb−1 integrated
luminosity, the number of events for these processes will be approximately 60, 10, and
220 respectively. However, if we allow one of the W/Z boson to decay hadronically,
then the number of events would increase significantly. At the 14 TeV centre-of-mass
energy, the numbers will be about a factor of three larger. The relative behavior
of cross sections of the three processes, as the centre-of-mass energy varies, is quite
similar to the case of di-vector boson production via gluon fusion as shown in Fig. 3.5.
This common behavior is mainly due to the relative couplings of the processes listed
above in Eq. 3.3. We find that at 14 TeV the cross sections for our processes are
20 − 30% of those for the corresponding di-vector boson production (without jet)
processes. We can also compare the contributions of these loop processes with those
of the corresponding tree-level processes. We find that the processes gg → γZg,WWg
make about 4− 5% contribution to the processes pp→ γZj,WWj, while gg → ZZg
makes a contribution of about 10−15% to the pp→ ZZj process. Here ‘j’ stands for
a jet. This is quite similar to the case of the di-vector boson production. Tree-level
estimates are obtained using MadGraph [89].
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Figure 3.6: Invariant mass distributions of
the pair of vector boson at 8 TeV, for gg →
V V ′g.
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Figure 3.7: Transverse momentum distri-
butions of the gluon jet at 8 TeV, for
gg → V V ′g.
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We have also compared our results for the WWj production case with those
of Melia et al. [83]. Though they have considered the leptonic decays of the W
bosons and the kinematic cuts, choice of scales and parton distributions etc. are quite
different, the percentage contribution of gluon-gluon channel as compared to the LO
cross section is same within the allowed range of uncertainty, i.e., 4−5%. The values
of the cross section are more strongly dependent on the values of parameters and
kinematic cuts; still two results are similar if we take into account quoted uncertainties
and branching ratios. The contribution of these gluon fusion processes can be even
larger in appropriate kinematic regime.
We now discuss few kinematic distributions at 8 TeV collider centre-of-mass en-
ergy. These distributions remain same, characteristically, at 14 TeV centre-of-mass
energy. The invariant mass distributions for the pair of vector boson are shown in
Fig. 3.6. The positions of the peaks are related to the masses of the vector bosons in
each case. Of course, the WW invariant mass cannot be measured experimentally.
In Fig. 3.7, the transverse momentum distributions for gluon jet is given for the three
processes. The major contribution to the cross section comes from low pT region, as
we expect. The cross section is very sensitive to the pT cut on gluon as it is radiated
from one of the incoming gluons in the box diagrams.
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Figure 3.8: The collider energy dependence
of the cross section for gg → γγg.
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Figure 3.9: Transverse momentum distri-
butions of the photon in gg → γγg.
The variation of the hadronic cross section with the collider centre-of-mass energy,
for γγg production via gluon fusion, is given in Fig. 3.8. The result is with the above
kinematic cuts and choices except that, pγT > 20 GeV. We reconfirm the importance
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bution of the gluon jet in gg → γγg.
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Figure 3.11: Invariant mass distribution of
the two photons in gg → γγg.
of gg → γγg process at the LHC. We have checked that the top quark contribution
to the cross section is very small. Therefore the results include light quark loop
contributions only. The cross section at the 8 TeV (14 TeV) centre-of-mass energy
is about 0.78 pb (1.86 pb), leading to several hundred (thousand) events with even 1
fb−1 of integrated luminosity. Few important kinematic distributions related to this
process are given at 8 TeV LHC in Figs. 3.9,3.10 and 3.11.
3.3.2 Numerical results for γZg
Now we will have a detailed discussion on the results for the gg → γZg process. We
first study the importance of the diagrams with the top quark in the loop. In Fig. 3.12,
we see that the contribution of the top quark (mt = 175 GeV) to the hadronic cross
section is negligible. We also see a knee in the plot at mt =
MZ
2
. This corresponds
to the Z boson production via tt¯ annihilation. The top quark decouples at around
100 GeV. We have, therefore, not included its contribution in our results presented
below. The run time of our code is also reduced by 50%. It is not surprising that
the top quark decouples at such a low value for our processes. This is simply because
there are four/five quark propagators in each box/pentagon diagram, leading to a
large power of the top quark mass in the denominator.
We can divide our numerical results that are presented in this section into two
54
σ
/σ
(m
t=
∞
)
mt (GeV) 
√S = 14 TeV
mt = MZ/2
γZg
 0.95
 1
 1.05
 1.1
 1.15
 1.2
 1.25
 1.3
 1.35
 1.4
 1.45
 0  50  100  150  200
Figure 3.12: Decoupling of the top quark in the cross section calculation of gg → γZg.
categories. We first discuss theoretical results, related to the structure of the am-
plitude, keeping the Z boson on-shell. Theoretical results presented below include
following kinematic cuts:
pjT > 30 GeV, p
γ,Z
T > 20 GeV, |ηγ,Z,j| < 2.5, R(γ, j) > 0.6. (3.7)
We have chosen the factorization and the renormalization scales as µ = µf = µr =
EZT (=
√
M2Z + (p
Z
T )
2), the transverse energy of the Z boson. Results are obtained
using CTEQ6M PDFs [88]. In Fig. 3.13, we give the dependence of the cross section
on the collider centre-of-mass energy to see the effect of a large gluon luminosity
at higher energies. We have already seen that the vector and axial-vector parts of
the amplitude are separately gauge invariant. Their contributions towards the cross
section are also included in the figure. The axial-vector contribution is only about
10% of the total cross section; this contribution comes from the pentagon class of
diagrams. Although the box-contribution to the cross section is not separately gauge
invariant with respect to the gluons, it is gauge invariant with respect to the γ and
the Z boson. We find that more than 70% of the total cross section is due to the
box-amplitude only, see Fig. 3.14. The scale variation of the cross section about the
central value µ0 = E
Z
t , is shown in Fig. 3.15. On increasing the scale by a factor of 2,
the cross section decreases by about 25%; it increases by about 40% on decreasing the
scale by a factor of 2. These large variations are expected because our calculation is
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effectively LO as far as the µ dependence is concerned. We see that the cross section
falls as we increase the scale µ. This is because an increase in the factorization scale
increases the cross section due to the increase in the gluon luminosity; but an increase
in the renormalization scale decreases the cross section because of the decrease in the
value of αs(µ). When we increase both the scales at the same time, the effect of the
change in the renormalization scale is stronger. It leads to an overall decrease in the
cross section with the increase in the scale µ.
Next, we come to the discussion on our phenomenological results. These results
include various kinematic distributions related to the final state particles. For phe-
nomenological results, we work in the narrow width approximation. We allow the Z
boson to decay into two leptons in the phase space. In this case, the kinematic cuts
are
pjT > 30 GeV, p
γ
T > 15 GeV, p
l
T > 10 GeV, |ηγ,l,j| < 2.5, R(i1, i2) > 0.4. (3.8)
Here i1 and i2 may represent any of the γ/l/j. For convenience, we have chosen
the scale µ = µf = µr = MZ . In Fig. 3.16, we give the cross section variation in
the range of 8 TeV to 14 TeV centre-of-mass energies using both the CTEQ6l1 and
CTEQ6M PDFs. These numbers do not include the branching ratio of Z → l+l−.
In particular, the cross sections with CTEQ6l1 (CTEQ6M) parton distributions, are
65.4 (53.0) fb and 202.4 (154.3) fb at 8 TeV and 14 TeV centre-of-mass energies re-
spectively. With these cross sections, number of gg → γZg events can be as large as
20000 at the 14 TeV LHC, with 100 fb−1 integrated luminosity. However, to observe
these events, one may have to look at Z → l+l− decay channel; here l can be an elec-
tron/muon. So including the branching ratios, one may expect more than 1000 events
for gg → γZ(→ l+l−)g process. The transverse momentum and rapidity distributions
for the final state particles are shown in Figs. 3.17-3.22 at the 8 TeV centre-of-mass en-
ergy. We have given normalized distributions as they remain same for different choices
of parton distributions and/or scales. These distributions are characteristically sim-
ilar at different collider centre-of-mass energies, but at higher energies contribution
coming from high pT/rapidity region grows, while low pT/rapidity region contribu-
tion goes down. We note that pjT is softer as compared to p
γ
T . It is because the cross
section is dominated by the box class of diagrams and in these diagrams, the gluon is
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emitted as a bremsstrahlung radiation, see Fig. 3.14. Due to the same reason, i.e., the
gluon is emitted more collinearly, the rapidity distribution of the gluon jet is broader
as compared to that of the photon. The lepton-pT distribution peaks around MZ/2.
On the other hand the rapidity distribution of the lepton is more central compared
to the ηγ distribution.
√
S pγ,minT σ
LO σNLO σNNLOgg σ
NNLO
gg /(σ
NLO − σLO) σNNLOgg /σNLO
(TeV) (GeV) (pb) (pb) (fb) (%) (%)
8 30 2.202 3.391 46.05 (38.25) 3.87 (3.22) 1.36 (1.13)
50 1.144 1.744 30.49 (25.61) 5.08 (4.27) 1.75 (1.47)
14 30 4.868 7.722 158.72 (124.48) 5.56 (4.36) 2.06 (1.61)
50 2.608 4.158 109.92 (86.61) 7.09 (5.59) 2.64 (2.08)
35 30 14.973 23.548 854.09 (606.07) 9.96 (7.07) 3.63 (2.57)
50 8.220 13.514 607.35 (438.88) 11.47 (8.29) 4.49 (3.25)
Table 3.1: Cross sections for the production of pp → γZj + X at various collider
centre-of-mass energies. We use CTEQ6l1 PDF set at the LO and CTEQ6M PDF
set at the NLO. The NNLO predictions are with CTEQ6l1(CTEQ6M) parton distri-
bution. The factorization and renormalization scales are set to, µf = µr = µ0 = MZ .
We have also compared results of this NNLO calculation with the LO and NLO
predictions for pp→ γ(Z → νν¯)j+X [90]. The LO and NLO results are obtained us-
ing parton-level next-to-leading order program MCFM1. The comparison is presented
after removing the branching ratios in Table 3.1. The table includes results at three
different centre-of-mass energies and for two values of the pγ,minT . We have included
the centre-of-mass energy of 35 TeV, as it is proposed for the HE-LHC collider. The
other kinematic cuts are: pjT > 30 GeV, p
miss
T > 30 GeV, |ηγ,j| < 2.5, R(γ, j) > 0.4.
This table illustrates two facts – 1) the fraction of NNLO events increases with the
increase in pγ,minT , 2) the NNLO process becomes more important as we increase the
centre-of-mass energy. There is an increase in the NNLO fraction with an increase in
1http://mcfm.fnal.gov/
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pγ,minT because, in the NLO events, photon is emitted from a quark line; a larger p
γ,min
T
suppresses the NLO contribution more than the NNLO contribution. In Fig. 3.23,
we have compared the normalized pγT -distributions at the NLO and NNLO, leading
to the same conclusion. The importance of the NNLO process is more at higher
centre-of-mass energy simply because of the increase in the gluon-gluon luminosity.
At 8 TeV, the scale uncertainties in the NLO calculations, on changing the scale by
a factor of two in both the directions of the central value, are in the range 7 − 8%,
while the same in the NNLO calculations is 30− 50%.
3.4 The Issue of Numerical Instability
Like other calculations of our types, we have also faced the issue of numerical insta-
bility in our calculations for certain phase space points. This is a well known issue
in the reduction of one-loop tensor integrals of higher rank and higher points. The
issue of numerical instability may also occur in the evaluation of the scalar integrals.
We have taken care of this by using the OneLOop implementation of the scalar inte-
grals. We face numerical instabilities primarily in the evaluation of pentagon tensor
integrals. This is related to the inaccurate evaluation of the Gram determinants in
those phase space regions where the linear independence of external momenta (mod-
ulo 4-momentum conservation) is compromised, i.e., near the exceptional phase space
points. The inverse Gram determinants appear in the reduction of tensor integrals.
Near exceptional phase space points, the Gram determinants become very small and
give rise to numerical problems. These numerical problems are result of a loss of pre-
cision due to the large cancellations. This problem can be handled in several ways.
One way is to use higher precision for the tensor reduction and for the evaluation
of scalar integrals. This certainly reduces the number of exceptional phase space
points but the code becomes enormously slow. Another approach could be to use
special expressions for the tensor reduction, near such phase space points [91]. It
is important to mention here that none of these two approaches cure the problem
of numerical instability completely [92]. A more economic and convenient way to
proceed in this situation is to judiciously ignore the contributions from such phase
space points. This one can do because we are not doing precision calculations and
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exceptional phase space points are unlikely to give a significant contribution to the
total cross section. We perform a gauge invariance (GI) test on the full amplitude
for each phase space point. In practice, we introduce a small cut-parameter δ, and
under GI we check, if |M|2 < δ holds true for each phase space point. We ignore all
those points which fail to pass this test. In our code we have set δ = 10−6. With
this value of δ and other kinematic cuts, the fraction of points ignored is below 2%.
However, with higher pT cut and/or less stringent cut on the δ, the number of such
points can drop to a level of 0.01%. Our Monte Carlo phase space integration sub-
routine is based on the VEGAS algorithm. We believe that the adaptive nature of
the VEGAS algorithm also affects the percentage of exceptional phase space points
that one may come across in such calculations. We sample about 0.4-0.5 million
phase space points to obtain the numerical results. Given the volume of phase space,
the number of exceptional phase space points is small and it is reasonable to assume
that the cross section is not dominated by this region of phase space. We find that
our result depends on this cut very weakly and remains quite stable over the range
of 10−4 − 10−12 for the choice of the cut-parameter. This can be seen in Fig. 3.24.
This stability reflects that the exceptional phase space points are few and make small
contribution at the level of total cross section.
We have also checked our results for the cross section calculation by implementing
a set of Ward identity tests and its sensitivity on δ-like cut-parameter. Examples of
these identities are given in Eqs. 3.4 and 3.5. However, these identities should not be
implemented in a straightforward manner. For example, the pentagon ward identity
in Eq. 3.4 can be implemented in the following form,
(1− MPM1B −M2B
) < δ. (3.9)
Numerically, due to the Ward identity, the ratioMP/(M1B−M2B) ∼ O(1). In Eq. 3.9,
we compare two numbers of O(1), which gives precise information on the order of
cancellation within the working precision. Although the total cross section is quite
stable, various distributions, specially the rapidity distributions near the edges, are
quite sensitive to the variation in δ. Edges of distributions define the region where
exceptional phase space points may lie. Therefore, the inaccuracy of the distributions
at the edges of the phase space is not surprising. We have seen that the exceptional
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phase space points may defy the GI and/or Ward identity tests sometimes. One can
make these δ-like cuts more stringent to get more reliable distributions. One can
also identify exceptional phase space points at the level of Gram determinants which
may be more economical. Phase space points corresponding to a large cancellation
in the Gram determinants can be ignored without putting stringent cuts on δ and
again leading to more reliable distributions. A method to implement this criterion is
discussed in [92].
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Figure 3.13: The vector and axial-vector
contributions of the hadronic cross section
for gg → γZg.
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Figure 3.17: Transverse momentum distri-
bution of the photon at 8 TeV centre-of-
mass energy in gg → γZ(→ l+l−)g.
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Figure 3.18: Rapidity distribution of the
photon at 8 TeV centre-of-mass energy in
gg → γZ(→ l+l−)g.
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Figure 3.19: Transverse momentum distri-
bution of the gluon jet at 8 TeV centre-of-
mass energy in gg → γZ(→ l+l−)g.
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Figure 3.20: Rapidity distribution of the
gluon jet at 8 TeV centre-of-mass energy
in gg → γZ(→ l+l−)g.
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bution of lepton at 8 TeV centre-of-mass
energy in gg → γZ(→ l+l−)g.
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ton at 8 TeV centre-of-mass energy in
gg → γZ(→ l+l−)g.
d
σ
σ
d
p
T
[1
/G
eV
]
pγT [GeV]
√
S = 14 TeV
cteq6m
nlo
nnlo(gg)
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0 50 100 150 200 250
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NNLO. The NLO distribution is obtained
using MCFM.
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Chapter 4
Production of KK-gravitons with a
Boson via Gluon Fusion
In this chapter, we will consider the associated production of an electroweak boson
and the KK-graviton modes via gluon fusion in the ADD model. In particular, we
will study leading order gg → HGKK, gg → γGKK and gg → ZGKK processes. Like
the SM processes discussed earlier, these processes also proceed via quark loop dia-
grams at the leading order and are finite. These processes contribute to the hadronic
processes pp→ BGKK+X, at the NLO in αs, where B ∈ {H, γ, Z}. We will calculate
the inclusive cross sections of these gluon channel processes at the LHC and discuss
some important kinematic distributions. In this chapter, by inclusive we mean the
contribution from all the kinematically accessible KK-modes. We will also study the
dependence of these results on the model parameters δ and MS. This chapter is based
on the work reported in [93–95]. A brief overview of the model is given in Sec. 1.2.
Like the other new physics scenarios, the searches for the model of large extra
dimensions or the ADD model is also continuing at the LHC. With the 7 TeV LHC
data, the bounds on the model parameters have also improved quite significantly [96–
103]. In the context of the ADD model, studies of processes involving the exchange
of KK-gravitons and those in which KK-gravitons are produced directly, have been
reported for both the Tevatron and the LHC [104–112]. Due to a large gluon flux
available at the LHC, the gluon initiated processes can be quite important. In this
regard, we have investigated the KK-graviton production in association with a boson
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(H/γ/Z) via gluon fusion. Unlike the cases of γ/ZGKK production, the qq¯ initiated
tree-level HGKK production process has very small cross section due to a vanishingly
small coupling of the Higgs boson with light quarks. Even with a non-zero bottom
quark mass, the tree-level cross section can be at best of the order 10−3 fb at the LHC.
The contribution of the gluon-gluon channel is, therefore, expected to be relatively
more important for the HGKK production at the LHC. The situation is analogous
to the single Higgs boson production in the SM. There too the gg → H channel
dominates the hadronic cross section. The rest of the chapter is organized as follows:
In the next section, we give some details on the structure of the amplitudes. Various
checks on our amplitudes and the method of computation are described in section 4.2
and 4.3. Numerical results are presented in section 4.4. An interesting issue related
to the ZGKK amplitude calculation is added in the end.
4.1 The Structure of Amplitudes
At the leading order, the process gg → BGKK proceeds via quark loop diagrams. The
allowed vertices and their Feynman rules, in the ADD model, are listed in Ref. [48].
Depending upon the coupling of the KK-graviton with the standard model particles,
there are three classes of diagrams: a triangle class of diagrams due to quark−boson−
graviton coupling, another triangle class of diagrams due to boson−graviton coupling
and the box class of diagrams due to quark − graviton coupling. The prototype
diagram in each class is shown in Fig. 4.1. Other diagrams are obtained just by
appropriate permutations of the external legs. There are total six box and twelve
triangle diagrams for each quark flavor. However, due to the charge-conjugation
property of the fermion loop diagrams, only half of the diagrams are independent.
Since the coupling of the Higgs boson with quarks is proportional to the quark masses,
in the gg → HGKK case, we consider only bottom and top quark contributions. For
a given massive quark in the loop, the HGKK amplitude has the following structure:
Mabq (gg → HGKK) =
1
8
yq g
2
s κ
(
δab
2
)
A(mq),
A(mq) = [2 Atri(mq)−Abox(mq)] . (4.1)
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Here the Yukawa coupling, yq =
1
2
gw (mq/MW ) and κ =
√
2/MP . Furthermore, a
and b are color indices of the two gluons. Atri is the net contribution from the two
triangle classes of diagrams, shown in Figs. 4.1 (a) and (b).
(a)
(b)
(c)
H/γ/Z
GKK
Figure 4.1: Prototype Feynman diagrams for gg → H/γ/Z+GKK in the ADD model.
For gg → γGKK case, we find that the amplitudes of the diagrams, related by
charge-conjugation, are equal and opposite to each other. This implies that at the
LO,
M(gg → γGKK) = 0. (4.2)
By introducing charge-conjugation transformation of the KK-graviton field and using
charge-conjugation properties of the gluon and photon fields, it can be shown that the
γGKK amplitude does vanish at the LO. This is just an implication of the extension of
Furry’s theorem in the presence of gravitons, photons and gluons. The graviton field
is considered even under charge-conjugation as it couples with the energy-momentum
tensor only. This, we have explicitly verified using the ADD model Lagrangian [94].
This result would remain valid to all orders if only QED and/or QCD radiative
corrections are included. In the presence of the weak interaction, this result may not
hold to all orders.
The gg → ZGKK amplitude has both the vector and axial-vector contributions
coming from the Z boson coupling to the quarks. The vector part of the amplitude
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is similar to the γGKK amplitude and therefore at the LO, the process receives con-
tribution only from the axial-vector part of the amplitude. For a given quark flavor
in the loop, the amplitude has the following structure:
Mabq (gg → ZGKK) = gz g2s κ
(
δab
2
)
cqA A(mq), (4.3)
A(mq) = Atri(mq)−Abox(mq). (4.4)
Here gz = gw/cosθw and c
q
A = −T 3q /2. Atri includes the contributions from both types
of triangle diagrams. We find that due to the nature of KK-graviton coupling with
quarks, both the triangle and box diagrams are linearly divergent and therefore they
will give rise to anomalous contributions to the amplitude. Of the six quark flavours,
we treat the u, d, s, and c quarks as massless. Since the amplitude of the process is
proportional to T 3q value, the first two generations do not contribute. Therefore, the
full amplitude, including the contributions from all the six quarks, is∑
q
Mabq (gg → ZGKK) = −
1
4
gwg
2
sκ
(
δab
2
)
[A(mt)−A(mb)] . (4.5)
We note that the cross section is of O(α2s), and therefore this LO contribution can be
included in σNLO(pp→ ZGKK +X) [110,111].
The one-loop amplitudes for gg → H/ZGKK are expected to be free of ultraviolet
(UV) and infrared (IR) singularities for each quark flavour. The IR singularities
(large logs in the mass regularization) are applicable to light quark cases only. We
also expect gauge invariance with respect to the gluon and the KK-graviton currents.
However, in the ZGKK case, due to the presence of anomalies, the amplitude for an
individual quark flavour may not be gauge invariant with respect to the axial-vector
current in the mq → 0 limit. Since the model is free from anomalies, we expect
gauge invariance after summing over all the six quark flavours. The confirmation of
the cancellation of UV and IR singularities and gauge invariance with respect to the
vector and axial-vector currents are powerful checks on our calculation. We make all
these checks as described in the next section.
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4.2 Details of Calculation and Checks
Our one-loop calculation is based on the traditional Feynman diagram method. The
amplitude of each diagram is written using the SM and ADD model Feynman rules.
The ADD model Feynman rules we require are also listed in the appendix D.1. How-
ever, we need not compute all the diagrams explicitly. We only need to compute the
prototype diagrams. All other diagrams can be obtained by suitable permutations of
the external momenta and polarizations. This works quite well in the HGKK case.
However, due to the presence of γ5 in the ZGKK amplitude, one needs to take extreme
care in making these permutations in n dimensions. The permutation should not be
across the γ5 vertex. Such permuted diagrams need to be computed explicitly. Due
to the presence of a quark loop, the amplitude of each diagram is proportional to
the trace of a string of gamma matrices. We compute these traces using FORM [64].
This is the most important part of the calculation. The presence of 4-dimensional γ5
in the trace, leads to spurious anomalies in the amplitude. We, therefore, need an
appropriate n-dimensional treatment of γ5. We have used Larin’s prescription for γ5
to calculate the trace in n dimensions [113]. According to this prescription,
γµγ
5 = − i
6
µνρσγ
νγργσ. (4.6)
After calculating the trace, we express the amplitude in terms of appropriate
tensor integrals. The box amplitude has rank-4 tensor integrals, while the triangle
amplitude has rank-2 tensor integrals at the most. The tensor reduction into scalars is
done in n = (4−2) dimensions using the methods of Odenborgh and Vermaseren [63],
also described in the Sec. 2.1.3. All the required scalar integrals for the massless quark
case are listed in the appendix B.2. We need only the UV and IR singular pieces of
these scalars to verify the cancellation of UV and IR singularities. For both the cases
of bottom and top quarks, we use FF library to calculate the required scalars [114].
Due to a very large and complicated expression of the amplitude, we compute the
amplitude numerically before squaring it. This requires computation of the polar-
ization vectors for the gauge bosons and for the KK-graviton. We have chosen the
helicity basis for them. It also helps in making additional checks on our calcula-
tion by verifying relations among helicity amplitudes. The KK-graviton polarization
tensor is constructed from the polarization vectors of two massive vector bosons as
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suggested in [48]. To obtain hadronic cross sections, we perform integrations over two
body phase space and the gluon PDFs, using a Monte Carlo integration subroutine
based on the VEGAS algorithm. Since the KK-gravitons are produced directly, we
also require an additional integration over the KK-graviton mass parameter MKK, to
obtain an inclusive cross section.
As discussed in the previous section, our one-loop processes are expected to be
finite. We verify that both the massive and massless contributions are UV finite. We
observe that each triangle diagram is UV finite by itself, while the box amplitude is
UV finite only after adding all the box contributions. As we discussed in the Sec. 2.3.1,
fermion loop diagrams are known to be IR finite, in both the massive and massless
fermion cases, for any kind and any number of external particles attached to the loop.
In the massless quark case, we check that each diagram is IR finite and therefore IR
finiteness holds for the full amplitude. Finally, we check the gauge invariance of
the amplitude with respect to the two gluons by replacing their polarizations with
their respective momenta. In the HGKK case, we observe that some of the triangle
diagrams are separately gauge invariant with respect to both the gluons. To ensure the
correctness of their contribution towards the full amplitude, we have also performed
a gauge invariance check with respect to the KK-graviton current. In the ZGKK case,
we find that (only after using γ5 prescription in the trace) both the bottom and top
quark contributions are separately gauge invariant with respect to the two gluons. In
ZGKK-triangle class of diagrams, involving graviton-gauge boson coupling, we have
chosen the gauge-fixing parameter ξ = 1 (the Feynman gauge) for the gluon case and
ξ = ∞ (the Unitary gauge) for the Z boson case. As expected, the calculation does
not depend on any specific choice of the gauge-fixing parameter. We also check gauge
invariance of the amplitude with respect to the Z boson. Because of the anomaly, the
two contributions are not separately gauge invariant. However, the total amplitude
is gauge invariant up to the top quark mass, as expected due to the explicit breaking
of the chiral symmetry. All these checks on our amplitude have been made both
numerically as well as analytically. The issue of anomaly in ZGKK amplitude is
discussed in the end.
We have also cross-checked our calculations by taking the mt → ∞ limit. In the
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ZGKK case, for a given phase space point, we vary the top quark mass and observe that
the amplitude-squared (which includes both the bottom and top quark contributions)
approaches a constant value (the bottom quark contribution) as mt → ∞. This
implies the complete decoupling of the top quark, i.e., the top quark contribution
of the amplitude goes to zero in large mt limit. It is expected from the decoupling
theorem [70]. This feature has been plotted in Fig. 4.2. The change in slope around
mt =
√
s/2 corresponds to a physical threshold after which the top quark propagators
cannot go on-shell and the amplitude is real. It is well known that the decoupling
theorem does not hold for fermion loop amplitudes involving a Higgs boson. This is
because, the Higgs boson coupling to fermions is proportional to the fermion masses.
Like in the case of gg → H amplitude, we do observe non-decoupling of the heavy
top quark in the gg → HGKK amplitude. In Fig. 4.3, the rise in the curve, as mt
increases in the beginning, is due to the explicit top quark mass dependence in the
numerator (m2t in the amplitude). As we approach larger values of mt, the effective
suppression (∼ 1/m2t in the amplitude) due to the propagators dominates and the
amplitude becomes independent of mt.
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Figure 4.2: Decoupling of the top quark as
mt →∞, in gg → ZGKK.
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Figure 4.3: Non-decoupling of the top
quark as mt →∞, in gg → HGKK.
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4.3 gg → HGKK Calculation in the Effective theory
of Gluon-Higgs coupling
In the heavy top quark limit (mt >> MH/2), the interaction of gluons with the Higgs
boson can be described by an effective Lagrangian [115],
Leff = −1
4
geffG
a
µνG
a,µνH, (4.7)
where the effective coupling is
geff =
αs
3piv
[
1 +O(M2H/4m2t )
]
. (4.8)
It is known that the full calculation of the Higgs production via gluon fusion (including
its radiative corrections), matches quite well with the calculation performed using this
effective Lagrangian, even for physical top quark mass mt = 175 GeV and MH = 120
GeV [116–118]. We can also use this Lagrangian, in the ADD model to calculate
gg → HGKK process. Furthermore, we can compare this effective theory calculation
with the full calculation. In the heavy top quark limit, both calculations should be
in complete agreement. In this case, the diagrams contributing to the process are
displayed in the Fig. 4.4. The Feynman rule for the last diagram is derived following
H
GKK
Figure 4.4: Feynman diagrams for gg → HGKK in the heavy top quark limit.
71
Ref. [48] and it is added in the appendix D.1. In this effective theory, the amplitude-
squared of gg → HGKK process is∑
pol.
|M(gg → HGKK)|2 = 1
6(M2H − s)2t2u2
[
6M12H (t+ u)
2 + 7s2t2u2(t+ u)2 − 12M10H
((t+ u)3 + 2s(t2 + tu+ u2)) + 6M8H((t+ u)
2(t2 + 4tu+ u2) + 2s2(3t2 + tu+ 3u2)+
2s(t+ u)(3t2 + 4tu+ 3u2))− 4M2Hstu(3tu(t+ u)2 + 3s2(t2 + tu+ u2) + s(t+ u)
(3t2 + 8tu+ 3u2))− 12M6H(tu(t+ u)3 + 2s3(t2 + u2) + 3s2(t+ u)(t2 + tu+ u2)+
s(t4 + 7t3u+ 10t2u2 + 7tu3 + u4)) + 2M4H(3t
2u2(t+ u)2 + 12stu(t+ u)3 + 3s4
(t2 + u2) + 6s3(t+ u)(t2 + tu+ u2) + s2(3t4 + 30t3u+ 44t2u2 + 30tu3 + 3u4))
]
,
(4.9)
where a summation over external polarizations is included. Here s, t and u are Man-
delstam variables and they satisfy, s+ t+ u = M2H +M
2
KK.
4.4 Numerical Results
In this section, we present results for gg → H/ZGKK processes at the LHC. The
results depend on the two parameters of the ADD model - (i) the number of extra-
space dimensions δ and (ii) the fundamental scale of Gravity MS. We will study this
dependence and other features of our processes in the following. In Fig. 4.5, we have
plotted the hadronic cross sections as a function of the collider centre-of-mass energy
for both the processes. Due to a large gluon flux at higher energies, the cross sections
also increase. Here we have chosen δ = 2 and MS = 2 TeV. This combination of
the model parameters has already been ruled out. Nevertheless, for a study of the
qualitative features of many of the results presented here, this combination is as good
as any other combination. In addition, we have applied following kinematic cuts:
pHT > 20 GeV, p
Z
T > 30 GeV, |ηH/Z | < 2.5,
√
s < MS. (4.10)
The cut on the partonic centre-of-mass energy or equivalently on the HGKK/ZGKK
invariant mass is known as a truncated scheme in the literature. This cut is related to
the fact that theoretical predictions within the ADD model, which is an effective field
theory, can be valid only below the fundamental scale MS. It will be interesting to
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Figure 4.5: Collider energy dependence of the hadronic cross sections for gg →
H/ZGKK at the LHC.
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Figure 4.6: Dependence of the cross sec-
tions on the number of extra dimensions δ,
for the scale MS = 2 TeV.
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Figure 4.7: Dependence of the cross sec-
tions on the scale MS, for the number of
extra dimension δ = 2
probe the sensitivity of our predictions on this kind of a constraint. We will further
comment on the issue at the end of this section. Since our gluon fusion processes are
finite, the partonic cross sections do not depend on the factorization scale µf . Also,
their dependence on the renormalization scale µr is only through the strong coupling
parameter αs. We have chosen the transverse energy (ET =
√
M2 + (pT )2) of the
weak bosons H/Z, as the common scale for the µf and µr. In principle, we can work
with both the LO and NLO PDFs. We have used the LO CTEQ6L1 PDF, in the
HGKK case and the NLO CTEQ6M PDF, in ZGKK case [88]. We note that at the
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14 TeV LHC energy, the cross sections are 0.75 fb and 2.13 fb for the HGKK and
ZGKK cases, respectively. The HGKK cross section is much smaller than expected.
The smallness of the cross section is due to two-orders of magnitude cancellation
in the amplitude between the box and the triangle contributions. This destructive
interference occurs due to the relative minus sign between the two contributions.
However, the triangle and the box amplitudes are not separately gauge invariant. A
similar cancellation is also seen in the ZGKK amplitude. In the HGKK case, we find
that the bottom quark loop contribution to the cross section is less than a percent.
In the ZGKK case, we have also calculated the hadronic cross section for a p
Z
T >
400 GeV to avoid the SM background as suggested in [47]. We find that the cross
section is about 0.2 fb and it is almost 10% of the NLO QCD correction calculated
in [110,111].
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Figure 4.8: Transverse momentum distri-
bution of the Higgs boson for MS = 2 TeV
and δ = 2.
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Figure 4.9: Transverse momentum distri-
bution of the Z boson for MS = 2 TeV
and δ = 2.
We now illustrate various kinematic aspects of these processes at the 14 TeV
centre-of-mass energy. In Figs. 4.6 and 4.7, we show the dependence of inclusive
cross sections of the two processes on the ADD model parameters δ and MS . As δ or
MS is increased, the density of states for KK-graviton modes falls (see Eq.1.33), and
therefore the cross sections also go down. The transverse momentum distributions
of the Higgs and the Z boson are plotted in Figs. 4.8 and 4.9, respectively. The pT
distributions are peaked about the masses of the weak bosons as one would expect. In
the direct production processes of KK-graviton, all the kinematically allowed modes
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are produced. Figs. 4.10 and 4.11 show the KK-graviton mass distributions. Since
the density of KK-graviton modes increases with the KK-graviton mass MKK, the
differential cross sections also increase before the phase space suppression takes over.
As the Eq. 1.33 suggests, the peak in the distributions will depend on the ADD model
parameters δ and MS. Next, we study the scale dependence of the cross sections. We
vary the common scale of the factorization and renormalization around its central
value, µ0 = E
H/Z
T . The cross sections change by about 25−30% by changing µ in the
range between µ0/2 and 2µ0. We find that the uncertainty in our calculations, due
to the choice of different PDF sets, is in the range of 5− 20% for the two processes.
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Figure 4.10: KK-graviton mass distribu-
tion in HGKK case, for MS = 2 TeV and
δ = 2.
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tion in ZGKK case, for MS = 2 TeV and
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We discussed in the Sec. 4.3 that the process gg → HGKK can also be calculated
in an effective theory of ggH-coupling. The cross section calculations in the full
theory and in the effective theory do not agree for MH =120 GeV and mt = 175
GeV. However, the two calculations agree very well for a very large top quark mass
value (mt ≥ 1.2 TeV) as required. This is shown in Fig. 4.12. Note that unlike the
SM gg → H case, in our case, there is one extra scale present – namely, the mass of
the KK-graviton MKK. We have seen that the MKK value is significantly larger than
the mass of the top quark most of the time, see Fig. 4.10. Because of this,
√
s, which
is larger than MH + MKK, can go much beyond 2mt. Therefore, one cannot expect
the effective theory calculation to agree with the full calculation for MH = 120 GeV
and the physical top quark mass mt = 175 GeV. Finally, we comment on the UV
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Figure 4.12: A comparison of gg → HGKK cross sections calculated in full theory and
in the effective theory.
sensitivity of our theoretical results. As mentioned before, we have presented all the
results for which the partonic energy
√
s is below the fundamental scale MS, i.e., the
truncated scheme. It has been argued in Ref. [47] that, if relaxing this constraint
does not change the results significantly, then results of the effective field theory can
be trusted. We find that the cross sections in the truncated and untruncated schemes
(that is, with and without cut on
√
s) differ by 20% for δ = 2 and MS = 2 TeV.
This difference, as expected, increases for larger values of δ while it decreases with
increasing MS [93].
4.5 A Discussion on ZGKK Calculation
The coupling of the KK-graviton with the quarks is such that the triangle and the box
diagrams, in the ZGKK case, are linearly divergent in loop momentum and they have
V V A and V V V A coupling structures respectively. The issue of chiral anomaly is well
known in a linearly divergent fermion loop triangle diagram having V V A-structure.
Because of the linear divergence, the V V V A-box diagrams also give anomalous con-
tributions to the amplitude. This can be confirmed by checking the relations among
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charge-conjugated box diagrams, in the absence of a suitable n-dimensional γ5 pre-
scription. The presence of anomaly affects the gauge invariance of the amplitude
and for reliable predictions, our amplitude should be gauge invariant with respect to
all the currents. We have already mentioned that if we do not regulate anomaly by
using a suitable prescription for γ5, the amplitude for the bottom/top quark in the
loop, is not gauge invariant with respect to the gluons due to spurious anomalies.
Even the relations among charge-conjugated diagrams and the Bose symmetry of the
amplitude do not hold. It turns out that the n-dimensional γ5 prescription, given in
Eq. 4.6, respects various symmetries of diagrams and the amplitude. We have men-
tioned that, with this γ5 prescription, both the bottom and top quark contributions
are separately gauge invariant with respect to the gluons and only the axial-vector
current, corresponding to the Z boson, is anomalous. The anomaly in axial-vector
current, being independent of the quark mass, also goes away in the full amplitude.
See Eq. 4.5. We have learned from our general discussion on the chiral anomaly that
the anomalous contributions to the amplitude, including the spurious ones in 4 di-
mensions, affect only the fermion mass independent rational part R, see Sec. 2.3.2.
The quark mass independence of the rational part, for an individual quark, is checked
explicitly. In the full amplitude, shown in Eq. 4.5, the rational terms will cancel be-
tween the bottom and the top quark contributions. Therefore, even if we work with
4-dimensional γ5, the full amplitude is going to be gauge invariant with respect to all
the currents. Although, the amplitude for an individual quark flavor in the loop will
not be gauge invariant anymore, their difference in Eq. 4.5 is always gauge invariant.
We have verified this in a separate calculation. All the numerical results, presented
above, agree with this way of doing calculation. It is definitely more economical be-
cause with 4-dimensional γ5 we require only one prototype box amplitude and two
prototype triangle amplitudes (one for each class) to generate the full amplitude. On
the other hand, if we use γ5 prescription given in Eq. 4.6, we need two prototype box
amplitudes and four prototype triangle amplitudes (two for each case) to generate
the full amplitude. Also, with this γ5 prescription, the trace calculation gives rise to
a bigger expression for the amplitude of each diagram.
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Chapter 5
Summary
In this thesis, we have considered two classes of gluon fusion processes which may
be important at a high energy hadron collider such as the LHC. We have reported
on the production of a pair of electroweak vector bosons with a jet via gluon fusion
within the Standard Model. We have taken a model of large extra dimensions, the
ADD model, as an example of new physics and have also considered the associated
production of an electroweak boson and KK-gravitons. These gluon fusion processes
receive contributions from the quark loop diagrams at the leading order and they
are finite. The amplitude calculation is based on the traditional Feynman diagram
approach. We have developed general purpose codes to perform the reduction of
one-loop tensor integrals. All the basic scalar integrals which may appear in a one-
loop amplitude are derived analytically and have been implemented in a FORTRAN
routine. A flexible Monte Carlo integration routine based on the VEGAS algorithm
is used to obtain the total as well as differential cross sections in these processes. To
reduce the run time in the calculations of the SM processes, we have run the code in
a parallel environment using the AMCI package.
We have verified our one-loop calculations by performing numerous checks on the
amplitudes. We have checked the ultraviolet and infrared finiteness of the amplitudes.
We have checked the structure of amplitudes by making gauge invariance checks. We
have also verified the expected behavior of these amplitudes in the heavy quark mass
limit. The general result regarding the infrared finiteness of an individual fermion
loop diagram is also confirmed in these processes. We have shown and verified that
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in a fermion loop amplitude, plagued from chiral anomaly, the anomaly is related to
the rational part of the amplitude. We have given a prescription for obtaining the
correct rational part in a UV finite fermion loop amplitude utilizing the decoupling
theorem.
In our study of the SM processes, we find that due to a large gluon flux available
at the LHC, these processes are quite important. The typical hadronic cross section
for the gg → γγg is about 1 pb and it is about 10 % of the corresponding tree-level
contribution. Like the gg → γγ process, it is also important in the searches of a light
Higgs boson. We find that the top quark loop contribution to the gg → γγg, γZg
cross sections is negligible. For the processes gg → ZZg and gg → W+W−g, we have
kept only γZg-like contributions. Their cross sections are in the range of 4− 15% of
the corresponding tree-level cross sections. We have observed a qualitative similarity
of these processes with the corresponding di-vector boson production cases. At the
14 TeV centre-of-mass energy, the cross sections of gg → V V ′g processes are 20-
30 % of those for the gg → V V ′ processes. In a detailed study of the gg → γZg
process, we have compared this NNLO level contribution with the LO and the NLO
predictions using the MCFM program. We note that the percentage contribution
(σNNLO/σNLO) is about 2-3% which can be enhanced by choosing an appropriate
set of kinematic cuts. The cross section of this process is dominated by the box
contributions and therefore by the vector part of the amplitude. The axial-vector
part of the amplitude contributes only about 10 % towards the cross section. Being
leading order process, the scale uncertainty in the cross section calculation is governed
by the strong coupling parameter αs and the parton distributions, and it is quite large
(∼ 25-40 %). The observability of this process at the LHC is discussed considering the
decay of the Z boson into the charged leptons. We find that at 14 TeV and with 100
fb−1 integrated luminosity, one can expect more than thousand events for gg → γZ(→
l+l−)g process at the LHC. The issue of numerical instability in our calculations is
dealt by systematically ignoring the contributions from the exceptional phase space
points. We have adopted three different strategies to ignore their contributions, all
in agreement within the allowed range of uncertainty. We have seen that such phase
space points are very few and the contributions from such phase space points do not
dominate the cross section.
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In the ADD model processes, we have argued that the gg → γGKK amplitude van-
ishes at the leading order due to an extension of Furry’s theorem which includes the
graviton. We find that, as expected, the gluon-gluon contribution to pp→ HGKK+X
dominates its cross section. For the model parameter values, δ = 2 and MS =2 TeV,
the hadronic cross section is only about 0.6 fb at 14 TeV LHC. We have cross-checked
our full one-loop calculation by working in an effective theory of gluon-Higgs coupling.
In the effective theory, the process becomes a tree-level process. We find that for the
physical top quark mass there is no agreement between the two calculations. This
difference can be attributed to the fact that we have a large scale, the mass of the
KK-gravitons, present in the theory. However, in the limit of a very heavy top quark
the two results are in complete agreement as desired. In the case of gg → ZGKK pro-
cess, we find that the amplitude gets contribution solely from the axial-vector part
of the Z boson coupling to a quark and the quarks of a massless/mass-degenerate
generation do not contribute. Due to the nature of graviton-quark coupling, the box
diagrams are also anomalous along with the triangle diagrams. We also learned that
the anomaly should be regulated using a suitable γ5 prescription in n dimensions to
ensure various symmetries of the diagrams and the amplitude. As expected, we find
that the axial-vector current conservation in the amplitude holds only after including
both the bottom and top quark contributions. The typical cross section at 14 TeV is
about 2 fb and it is about 10 % of the NLO cross section for δ = 2 and MS =2 TeV.
In both the HGKK and ZGKK cases, we find that there is a significant cancellation at
the amplitude level between the triangle and the box contributions. The smallness
of the cross sections for these processes, particularly in the HGKK case, may be due
to this cancellation. The cross sections of these processes go down with increasing δ
and/or MS. We see that the massive KK-graviton modes contribute significantly to-
wards the inclusive cross section. Like in the case of the SM processes, we do observe
a large uncertainty (∼ 5-20%) due to the scale variation. To check the sensitivity of
our results on the scale of Gravity MS, we have calculated the cross section in both
the truncated and untruncated schemes and the results differ by about 20%.
We have seen that at higher energies, the contributions of all these gluon fusion
processes increase. However, their cross sections suffer from large scale uncertainties
80
as mentioned above. The scale uncertainties can be reduced by calculating radia-
tive corrections to these processes. The radiative corrections, which will also involve
calculation of two-loop diagrams, are particularly important to our gluon fusion SM
processes. Unlike the one-loop calculation, the calculation of two-loop amplitudes is
not very common and its techniques are not yet standardized [119–122]. Very few
two-loop calculations of phenomenological importance, are available even for three
and four-point functions. We have mentioned that beyond four-point function, the
one-loop calculations are subject to numerical instabilities near exceptional phase
space points. In the traditional approach of tensor reduction, this issue can be re-
solved to a certain degree by employing special expressions for the reduction of higher
point tensor integrals near such points [91]. One may also use modern techniques (on-
shell methods), based on the generalized unitarity cut, of calculating one-loop am-
plitudes [66, 123–125]. These techniques are results of many important ideas which
have been developed over the years and due to them the automation of one-loop
calculations, like that of tree-level calculations, seems feasible [126–130]. Like the
case of gg → V V ′, the compact analytic expressions for gg → V V ′g amplitudes can
be calculated using these techniques [79, 131, 132]. These analytic expressions will
certainly reduce the computation time and can also be used for precision calculation
at the LHC. The SM gluon fusion processes gg → V V ′g with soft jet form the real
radiation part of the radiative correction to gg → V V ′ processes. Therefore, a full
radiative correction of the LO gg → V V ′ processes can be a fruitful exercise [133]. I
would like to conclude by quoting L. D. Landau,
“A method is more important than a discovery,
since the right method will lead to new
and even more important discoveries.”
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Appendix A
A.1 Units, Conventions, Notations & Definitions
Natural units and Conversion factors
~ = c = 1
1 GeV = 1.783× 10−24 g
(1 GeV)−1 = 0.1973× 10−13 cm
(1 GeV)−1 = 0.658× 10−24 sec
1 barn = 10−24 cm2 (A.1)
Metric
gµν = gµν = diag(+1,−1,−1,−1)
pµ = (p0, ~p), pµ = gµνp
ν = (p0,−~p)
p.k = pµkµ = p
0k0 − ~p.~k
∂µ ≡ ∂
∂xµ
=
(
∂
∂t
,−~∇
)
, (A.2)
where ~∇ is the gradient operator in three-dimensional space.
Pauli matrices
σ1 =
0 1
1 0
 , σ2 =
0 −i
i 0
 , σ3 =
1 0
0 −1
 . (A.3)
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Dirac matrices
{γµ, γν} = 2gµν ; γµ = (γ0, γi)
{γµ, γ5} = 0; γ5 = iγ0γ1γ2γ3
(γµ)† = γ0γµγ0, (γ5)† = γ5
(γ0)2 = 1, (γi)2 = −1, (γ5)2 = 1
tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ)
tr(γµγνγργσγ5) = −4i εµνρσ
tr(γµγνγργσ.....) = tr(.....γσγργνγµ)
γµγµ = n, γ
µγνγµ = −(n− 2)γν (A.4)
where εµνρσ is completely antisymmetric tensor in 4 dimensions with following prop-
erties
ε0123 = −ε0123 = +1,
εαβµνεαβρσ = −2(δµρ δνσ − δµσδνρ). (A.5)
Polarization sums
spin
1
2
:
∑
λ
uλ(p) u¯λ(p) = (/p−m); u¯λ(p) = uλ(p)†γ0,∑
λ
vλ(p) v¯λ(p) = (/p+m); /p = γ
µpµ. (A.6)
massless spin 1 :
∑
λ
ε(λ)µ (p) ε
∗(λ)
ν (p) → −gµν ,
massive spin 1 :
∑
λ
ε(λ)µ (p) ε
∗(λ)
ν (p) = −gµν +
pµ pν
M2
. (A.7)
massive spin 2 :
∑
λ
ε(λ)µν (p) ε
∗(λ)
ρσ (p) =
(
−gµρ + pµ pρ
M2
)(
−gνσ + pν pσ
M2
)
+
(
−gµσ + pµ pσ
M2
)(
−gνρ + pν pρ
M2
)
− 2
n− 1
(
−gµν + pµ pν
M2
)(
−gρσ + pρ pσ
M2
)
.
(A.8)
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Spin-1 propagator in Rξ-gauge
iDµν(q
2, ξ) =
i
q2 −M2
[
−gµν + qµqν
q2 − ξM2 (1− ξ)
]
. (A.9)
Some of the very popular choices of the gauge-fixing parameter are Landau gauge
(ξ = 0), Feynman gauge (ξ = 1) and Unitary/Physical gauge (ξ =∞).
In the context of tensor reduction
{vi} → dual vectors to {pi},
{ui} → dual vectors to {qi},
such that vi.pj = ui.qj = δij, where qi =
i∑
j=1
pi, q0 = 0. (A.10)
Gamma function
Γ(z) =
∫ ∞
0
dt e−t tz−1 (A.11)
Γ(1 + z) = zΓ(z) (A.12)
Γ() =
1

− γE +O() (A.13)
where → 0 and γE ' 0.5772157, is the Euler-Masheroni constant.
Integral parameterizations
1
aN
=
1
Γ(N)
∫ ∞
0
dt e−at tN−1 (A.14)
This is known as Schwinger parameterization. We can use this to obtain the Feynman
parameterization,
1∏N
i=1 ai
=
∫ 1
0
∏
i
dxi
(N − 1)!
(
∑
i aixi)
N
δ
(∑
i
xi − 1
)
. (A.15)
n-dimensional integration∫
dnl
(2pi)n
1
(l2 −M2)N = i
(−1)N
(4pi)n/2
Γ(N − n/2)
Γ(N)
(
1
M2
)N−n/2
(A.16)
SU(N) algebra
The generators T a(a = 1, 2, .., N2 − 1) of SU(N) are hermitian, traceless matrices
such that
[T a, T b] = ifabc T c. (A.17)
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The numbers fabc are called the structure constants. In the fundamental representa-
tion T a are N -dimensional matrices and they satisfy,
{T a, T b} = 1
N
δab + dabc T c, (A.18)
with, tr(T aT b) =
1
2
δab. (A.19)
Here dabc is totally symmetric in a, b and c. Since tr(T aT b) ∝ δab, it can be seen that
fabc are totally antisymmetric in a, b and c. Some useful identities are
T aT b =
1
2N
δab +
1
2
dabcT c +
1
2
ifabcT c, (A.20)
tr(T aT bT c) =
1
4
(
dabc + ifabc
)
, (A.21)
fabcfa
′bc = Nδaa
′
, (A.22)
dabcda
′bc =
(N2 − 4)
N
δaa
′
, daab = 0. (A.23)
In the adjoint representation, the generators T a are (N2 − 1)-dimensional matrices
and
(T a)bc = −ifabc. (A.24)
Standard Model parameters
The Fermi constant, GF = 1.166× 10−5 GeV−2
MZ = 91.1876 GeV, MW = 80.403 GeV
MH = 125 GeV, mb = 4.65 GeV
mt = 173.5 GeV, sin
2θw = 0.23
α−1em(M
2
Z) = 127.918, αs(M
2
Z) = 0.1176. (A.25)
A.2 Logs and Di-Logs
The natural logarithm of a complex number is a multivalued function having a branch
cut along the negative real axis. For a complex number z = reiθ,
ln(z) = fn(r, θ)
= ln(r) + i(θ + 2npi), (A.26)
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with r > 0 and −pi < θ ≤ pi. The n = 0 corresponds to the principal branch. The
discontinuity of this function across the negative real axis can be seen by noting that,
lim
→0
[fn(r, pi − )− fn(r,−pi + )] = 2ipi. (A.27)
Also, note that
lim
→0
fn(r, pi − ) = lim
→0
fn+1(r,−pi + ), (A.28)
i.e., the moment θ exceeds pi it goes to the next branch. Remember that fn(r, θ)
is single valued on each branch with −pi < θ ≤ pi. The rule for the logarithm of a
product of two complex numbers z1 and z2 is,
ln(z1z2) = ln(z1) + ln(z2) + 2ipi η(z1, z2), (A.29)
where
η(z1, z2) = Θ(−Im z1) Θ(−Im z2) Θ(Im z1z2)
−Θ(Im z1) Θ(Im z2) Θ(−Im z1z2). (A.30)
In the analytical evaluation of the one-loop scalar integrals, one often comes across
the Spence function or the di-logarithm. It is defined by [134]
Sp(z) = −
∫ 1
0
dt
ln(1− zt)
t
= −
∫ z
0
dt
ln(1− t)
t
(A.31)
= z +
z2
22
+
z3
32
+ .... for |z| ≤ 1. (A.32)
Since the branch cut of the logarithm is along the negative real axis, the branch cut
of the Spence function starts at z = 1 along the positive real axis. Some of the special
values are
Sp(−1) = −pi
2
12
, Sp(0) = 0,
Sp(1) =
pi2
6
, Sp(2) =
pi2
4
. (A.33)
We list few important identities related to Spence functions,
− Sp (1− z) = Sp(z) + ln(z)ln(1− z)− pi
2
6
(A.34)
−Sp
(
1
z
)
= Sp(z) +
1
2
ln2(−z) + pi
2
6
(A.35)
Sp(z) + Sp(−z) = 1
2
Sp(z2). (A.36)
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Some simple identities which could be useful in the evaluation of the one-loop
scalar integrals are,
ln(a± i) = ln|a| ± ipi Θ(−a) (A.37)
ln(a− i a) = ln(a+ i) (A.38)
ln(−a− i a) = ln(−a− i) (A.39)
ln(a+ i) + ln(b− i) = ln [ab+ i sign(b− a)]
= ln [ab+ i sign(b)]
= ln [ab− i sign(a)] (A.40)
ln
(
a
b− i
)
= ln
(a
b
+ i a
)
= ln
(
a− i
b− i
)
(A.41)
Sp(a± i a) = Sp(a± i) (A.42)
Sp(−a± i a) = Sp(−a∓ i). (A.43)
Here a and b are real numbers and  is a vanishingly small positive number.
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Appendix B
B.1 Simple analysis of infrared singularities at one-
loop
Computation of virtual diagrams involve integration over undetermined loop mo-
menta. These loop integrals may be ill-defined as they may diverge for certain limiting
values of the momentum flowing in the loop. A well known case is that of the ultra-
violet singularity which may arise as the loop momentum becomes very large. With
massless particles present in the theory, these integrals may develop infrared (IR)
or more appropriately mass singularities as well. Also, there are singularities which
originate from specific phase space points such as physical and anomalous thresholds.
A systematic study of the mass singularities and the threshold singularities can be
done via Landau Equations [135–137]. Kinoshita describes the mass singularities of
Feynman amplitudes as pathological solutions of Landau Equations [69].
Here we limit ourselves to the IR singularity of one-loop diagrams, away from any
threshold. Also we do not consider any exceptional phase space point, corresponding
to the vanishing of any partial sum of external momenta. According to Kinoshita,
these are pure mass singularities, valid for all possible kinematic invariants made out
of the external momenta. These mass singularities can be of soft or collinear type.
Under certain circumstances, which we will discuss below, an overlapping of the soft
and collinear singularities may also occur. In Ref. [69], this issue is discussed thor-
oughly, using a parametric form of the loop integrals. We will explore the structure
of IR singularities of Feynman diagrams at the one-loop via naive power counting in
the loop momentum.
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The most general one-loop integral is of tensor type, in which the loop momentum
appears in the numerator. One-loop diagrams with fermions in the loop are common
examples of such integrals. Since any tensor integral at one-loop can be expressed in
terms of scalar ones (i.e., the one-loop integrals in φ3-theory), it is sufficient to apply
our analysis to the scalar integrals only.
B.1.1 Soft singularity
These singularities appear as a result of any of the internal lines becoming soft, that
is, its momentum vanishes. We consider the N -point scalar integral, Fig. B.1, in n
dimensions, given by
IN(pi,mi; i = 0→ N − 1) =
∫
dnl
1
d0d1.....dN−1
, (B.1)
with following notations for simplification,
di = li
2 −mi2, li = l + qi
and qi = p0 + p1 + ....+ pi. (B.2)
In our notation, p0 = 0, but to start with m0 6= 0. Now we wish to derive conditions
pi
pi+1
pi+2
li, mi
li+1, mi+1
li−1, mi−1
Figure B.1: General scalar one-loop diagram with momentum assignment
under which above integral may diverge as one of the internal momenta in the loop,
say li, becomes soft. We will take li = , with the understanding that soft limit for
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li is reached as  → 0. With li = , in our notation, relevant denominators take the
following form
di−1 = p2i − 2 · pi −m2i−1,
di = 
2 −m2i
and di+1 = p
2
i+1 + 2 · pi+1 −m2i+1. (B.3)
We have dropped 2 against  · pi and  · pi+1, assuming  is not orthogonal to pi and
pi+1. The above denominators vanish under the soft limit, if
mi = 0, p
2
i = m
2
i−1 and p
2
i+1 = m
2
i+1. (B.4)
Thus in the soft limit, the scalar integral in Eq. B.1, behaves as
IN ∼
∫
dn
1
 · pi 2  · pi+1 ∼ 
n−4, (B.5)
which diverges logarithmically in n = 4. In mi → 0 limit, the divergence appears as
ln(mi). Kinoshita called it λ-singularity. It is easy to check that no other denominator
vanishes in the soft limit of li, in general. Thus, the appearance of a soft singularity
in one-loop diagrams is associated with the exchange of a massless particle between
two on-shell particles. The structure of the soft singularity in Eq. B.5 suggests that
it can occur for N ≥ 3 point functions only. A text book example of soft-singular
integral is the one-loop vertex correction in QED with massive fermions, as shown in
Fig. B.2.
Figure B.2: One-loop correction to QED vertex
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B.1.2 Collinear singularity
At one-loop, collinear singularity may appear when one of the internal momenta
becomes collinear with a neighboring external leg. See Fig. B.1. We consider
li = xpi+1 + ⊥, (B.6)
where x 6= 0,−1 (since they correspond to the softness of li and li+1, respectively)
and ⊥ · pi+1 = 0. The collinear limit is obtained as ⊥ → 0. In this case relevant
denominators are,
di = x
2p2i+1 + 
2
⊥ −m2i
and di+1 = (x+ 1)
2p2i+1 + 
2
⊥ −m2i+1. (B.7)
The general conditions for these denominators to vanish are
p2i+1 = 0, mi = 0, mi+1 = 0, (B.8)
that is, one-loop diagrams in which a massless external leg meets two massless internal
lines may develop a collinear divergence. In fact, the first of the above three conditions
is hidden in the assumption, ⊥ · pi+1 = 0. In ⊥ → 0 limit, this equality implies
cos θ ' p
0
i+1
|pi+1| > 1, (B.9)
for massive pi+1. Thus for the collinear limit (θ → 0 ), pi+1 must be massless. No
other denominator vanishes for non-exceptional phase space points. The N -point
scalar integral in this limit goes as
IN ∼
∫
dn⊥
1
2⊥ 
2
⊥
∼ n−4⊥ , (B.10)
which, like the soft singularity, is also logarithmically divergent. This singularity,
sometimes referred as m-singularity, can be regularized by setting mi+1 = mi and
taking mi → 0 limit. It appears as ln(mi) term, as expected. Thus the one-loop
QED vertex correction diagram, shown in Fig. B.2, will also have a collinear type
singularity in the massless fermion limit.
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B.1.3 Overlapping regions
Since we have studied the structure of the soft and the collinear singularities of a
one-loop diagram, it is desirable to seek the possibility of their overlap. A soft piece
with all lines massless, contains two collinear pieces. Let this soft piece be the part of
a scalar N -point function in n dimensions. We set li = , to write the N -point scalar
integral for massless internal and external lines, keeping only (in general) potentially
divergent denominators as → 0.
IN '
∫
dn
1
(2 − 2 · pi) 2 (2 + 2 · pi+1) . (B.11)
Instead of taking → 0 limit right away, which clearly corresponds to the soft limit,
we wish to break the above integral into soft and collinear regions. This job is easily
done in the light-cone coordinates as suggested in Ref. [138]. In this coordinate, a
4-vector is written as v ≡ (v+, v−,v⊥) where, v± = 1√2(v0 ± v3) and v⊥ = (v1, v2)
is a 2-dimensional Euclidean vector. The dot product of two 4-vectors then takes
following form
u · v = u+v− + u−v+ − u⊥ · v⊥. (B.12)
This can easily be generalized to n dimensions. In the centre-of-mass frame of pi and
pi+1, using the light-cone variables, we may write
pi ≡
√
2 ω (1, 0,0⊥), pi+1 ≡
√
2 ω (0, 1,0⊥). (B.13)
Here 0⊥ is a (n− 2)-dimensional null vector in Euclidean space. Now the integral in
Eq. B.11, reads
IN '
∫
d+ d− dn−2⊥
(2 − 2√2ω−) 2 (2 + 2√2ω+) , (B.14)
with 2 = 2+− − ⊥2. Notice that we can make  and therefore li, collinear to pi by
setting − and ⊥ equal to zero. To do it more systematically, we choose − = λ⊥2
where λ 6= 0 and take ⊥ → 0 limit in the above equation, so that the integral becomes
IN ∼
∫
d+ dλ ⊥2dn−2⊥
⊥2⊥2+
=
∫
dλ
d+
+
dn−2⊥
⊥2
. (B.15)
Once again we obtain the log-type collinear singularity in n = 4 dimensions. Further-
more, if we take + → 0, we make li soft and we see the overlapping of the soft and
92
collinear singularities, which is also logarithmic in nature. Note that this singularity
structure never gets worse for any other choice of − made above. It should be obvious
that for non-exceptional phase space points there is no overlapping of two soft regions
or two distant collinear regions in a one-loop diagram. Thus a one-loop IR divergent
integral is written as sum of terms, each containing two large-log factors at the most.
In dimensional regularization (n = 4−2IR, IR → 0−), IR singular terms at one-loop
appear as coefficients of 1/IR (soft and/or collinear case) and 1/
2
IR (overlapping
case) [61]. In Fig. B.2, if we allow fermion lines to be massless, the one-loop correc-
tion to QED vertex exhibits the full structure of IR divergences that can appear in a
general one-loop amplitude.
We have seen that for a one-loop diagram to have the IR singularity, at least
one internal line must be massless. Diagrams with all the external legs off-shell are
IR finite, even if all the internal lines are massless. The tensor integrals at most
retain the IR-singular structure of the scalar integrals. Since, at maximum, three
denominators of a general N -point scalar integral vanish at a time in infrared regions,
one should expect the possibility of expressing IR-singular terms of any one-loop
diagram (N > 3), in terms of those of appropriate 3-point functions. In Ref. [139],
this expectation is achieved for the most general one-loop integral. We have also
argued this in Sec. 2.3.1. The above analysis also tells us that any one-loop diagram
is IR finite in n > 4 dimensions.
B.2 One-loop scalar integrals
Evaluation of one-loop scalar integrals involves integration over undetermined loop
momentum. We may encounter UV singularity in these integrals as loop momentum
becomes very large. Naive power counting suggests that only tadpole and bubble
integrals are UV divergent integrals. We use dimensional regularization (n = 4− 2)
to regulate UV singularities [140]. Although the tadpole has quadratic divergence
while the bubble is log-divergent, in dimensional regularization both type of UV
singularities appear as 1/ pole. In this thesis, we are interested in fermion loop
amplitudes. In many practical calculations, masses of fermions can be neglected.
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Presence of massless particles leads to another kind of singularity in the one-loop
scalar integrals, called the mass singularity. In 4 dimensions, these are of log-type as
explained in the previous section. We have regularized these singularities by giving
a small mass to the fermions. These scalar integrals are derived in the special case
of m2i = m
2, following ’t Hooft and Veltman [57]. We maintain the full analytic
continuation of these integrals. Depending upon external virtualities there are many
cases in each class of scalar integrals.
1. One-point (Tadpole) Scalar Integral
A0(m
2) =
i
16pi2
m2 [1 + ∆m] ,
∆m =
1

− γE + ln
(
4piµ2
m2
)
+O(). (B.16)
Clearly for massless internal line, the tadpole scalar integral vanishes.
2. Two-point (Bubble) Scalar Integral
B0(p
2;m2) =
i
16pi2
[
∆m + 2− z ln
(
z + 1
z − 1
)]
(B.17)
where z =
√
1− 4(m2 − i)/p2. In the massless limit, this integral becomes
B0(p
2;m2 → 0) = i
16pi2
[
∆m + 2− ln
(−p2 − i
m2
)]
, (B.18)
but there is no mass singularity. These expressions cannot be used in the
case p2 = 0, and therefore the integral should be separately evaluated for this
particular case. The result is,
B0(p
2 = 0;m2) =
i
16pi2
∆m. (B.19)
For the case of p2 = 0, the integral develops a collinear singularity in m2 → 0
limit. However, the same integral can be shown to vanish in dimensional reg-
ularization, when p2 = 0,m2 = 0. In the special case of massless fermion loop
amplitudes, one can see a correspondence between the mass regularization and
the dimensional regularization of infrared singularities. Thus for our purposes,
A0 and B0 integrals are never mass singular.
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Since the triangle and box scalar integrals are UV finite, we can evaluate them
in 4 dimensions. In m2 → 0 limit, these and higher point scalar integrals have
the following general structure,
I1−loop0 =
i
16pi2
1
K
[
f2 ln
2(m2) + f1 ln(m
2) + f0
]
. (B.20)
In 4 dimensions, the knowledge of A0, B0, C0 and D0 integrals is sufficient. The
coefficients fi, in various IR divergent scalar integrals are as follows:
3. Three-point (Triangle) Scalar Integrals
Case I: p21 = 0; p
2
2 = 0; p
2
3 6= 0
K = 2p23,
f2 = 1,
f1 = −2 ln(−p23 − i),
f0 = ln
2(−p23 − i). (B.21)
For finitem2, f1 = f2 = 0 and f0 = ln
2 [(z + 1)/(z − 1)]. Here z = √1− 4(m2 − i)/p23.
Case II: p21 = 0; p
2
2 6= 0; p23 6= 0
K = 2(p23 − p22),
f2 = 0,
f1 = −2 ln(−p23 − i) + 2 ln(−p22 − i),
f0 = ln
2(−p23 − i)− ln2(−p22 − i). (B.22)
Case III: p21 6= 0; p22 6= 0; p23 6= 0
K = p21 + p
2
2(1− 2α)− p23,
f2 = 0,
f1 = 0,
f0 =
∑
i=1,2,3
(−1)i
[
Sp
(
yi − 1
yi + ii
)
− Sp
(
yi
yi − 1− ii
)]
, (B.23)
where
y1 =
p21(1− α) + αp23
αK
, y2 =
α
α− 1y1,
y3 =
p21 − αp22
K
and i =  sign(p
2
i ). (B.24)
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Also, α satisfies
p22α
2 − (p21 + p22 − p23)α + p21 = 0. (B.25)
4. Four-point (Box) Scalar Integrals
Case I: p2i = 0,∀ i = 1, 2, 3, 4
K = s12s23,
f2 = 2,
f1 = −2 ln(−s12 − i)− 2 ln(−s23 − i),
f0 = 2 ln(−s12 − i) ln(−s23 − i)− pi2. (B.26)
Case II: p21 = 0; p
2
2 = 0; p
2
3 = 0; p
2
4 6= 0
K = s12s23,
f2 = 1,
f1 = −2 ln(−s12 − i)− 2 ln(−s23 − i) + 2 ln(−p24 − i),
f0 = 2 Sp(1 + αs12 + i) + 2 Sp(1 + αs23 + i)− 2 Sp(1 + αp24 + i) +
ln2(−s12 − i) + ln2(−s23 − i)− ln2(−p24 − i)−
pi2
3
, (B.27)
where α = (p24 − s12 − s23)/K and sij = (pi + pj)2.
Case III: p21 = 0; p
2
2 6= 0; p23 = 0; p24 6= 0
K = s12s23 − p22p24,
f2 = 0,
f1 = −2 ln(−s12 − i)− 2 ln(−s23 − i) + 2 ln(−p22 − i) + 2 ln(−p24 − i),
f0 = 2 Sp(1 + αs12 + i) + 2 Sp(1 + αs23 + i)−
2 Sp(1 + αp22 + i)− 2 Sp(1 + αp24 + i) +
ln2(−s12 − i) + ln2(−s23 − i)− ln2(−p22 − i)− ln2(−p24 − i), (B.28)
where, α = (p22 + p
2
4 − s12 − s23)/K. The above expressions of the box scalar
integrals, can be compared with those derived in Ref. [141] 1. For the next
1 In Ref. [141], the IR divergent box integrals are derived in the dimensional regularization and
their expressions contain terms which are artifacts of the dimensional regularization. In an IR finite
amplitude such terms do not contribute.
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two cases, the box scalar integrals that we have derived following ’t Hooft and
Veltman, have very complicated structure and we do not give those expressions
here. The divergent coefficients f1 and f2 are derived using the identity given
in Eq. 2.105, while the expressions for f0s are taken from Ref. [141].
Case IV: p21 = 0; p
2
2 = 0; p
2
3 6= 0; p24 6= 0
K = s12s23,
f2 =
1
2
,
f1 = − ln(−s12 − i)− 2 ln(−s23 − i) + ln(−p23 − i) + ln(−p24 − i),
f0 = 2 Sp(1 + αs12 + i) + 2 Sp(1 + αs23 + i)− 2 Sp(1 + αp24 + i) +
2 Sp
(
1− p
2
3 + i
s23 + i
)
− 2 Sp
(
1− p
2
4 + i
s12 + i
)
+
ln2(−s12 − i) + ln2(−s23 − i)− ln2(−p23 − i)− ln2(−p24 − i) +
1
2
[
ln(−p23 − i) + ln2(−p24 − i)− ln(−s12 − i)
]2
, (B.29)
where, α = (p24 − s12 − s23)/K.
Case V: p21 = 0; p
2
2 6= 0; p23 6= 0; p24 6= 0
K = s12s23 − p22p24,
f2 = 0,
f1 = − ln(−s12 − i)− ln(−s23 − i) + ln(−p22 − i) + ln(−p24 − i),
f0 = 2 Sp(1 + αs12 + i) + 2 Sp(1 + αs23 + i)− 2 Sp(1 + αp22 + i)−
2 Sp(1 + αp24 + i) + 2 Sp
(
1− p
2
3 + i
s23 + i
)
− 2 Sp
(
1− p
2
4 + i
s12 + i
)
+
ln2(−s12 − i) + ln2(−s23 − i)− ln2(−p22 − i)− ln2(−p23 − i)−
ln2(−p24 − i) +
1
2
[
ln(−p22 − i) + ln2(−p23 − i)− ln(−s23 − i)
]2
+
1
2
[
ln(−p23 − i) + ln2(−p24 − i)− ln(−s12 − i)
]2
, (B.30)
where, α = (p22 + p
2
4 − s12 − s23)/K.
The expressions of all the IR divergent scalar integrals, that we have derived in
the mass regularization, can be compared with the complete list of divergent scalar
integrals given in Ref. [61]. In this reference, the IR divergence of the scalar integrals
is treated in the dimensional regularization (n = 4 − 2). We can see that there is
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a one-to-one correspondence (apart from terms that are artifacts of the dimensional
regularization) between the results obtained in the two regularization schemes. The
IR singularities, in the two regularization schemes are related as
1

↔ ln(m2), 2
2
↔ ln2(m2). (B.31)
We would also like to mention that the finite parts of the box scalar integrals which
involve di-logs/Spence functions may lead to numerical instability in their present
form, due to a large cancellation among di-log terms. This problem can be cured to a
certain level by putting them in different forms using di-log identities. In this thesis,
we have used only divergent pieces of these integrals to make finiteness checks on
amplitudes. Finite numerical results are presented using the FF/ OneLOop library
of scalar integrals [84,114].
For the case of massive internal lines, we are also interested in the large m2 limit.
In this limit, the basic scalar integrals are
B0(m
2 →∞) = i
16pi2
[
∆m +O
(
1
m2
)]
, (B.32)
C0(m
2 →∞) = i
16pi2
[
− 1
2m2
+O
(
1
m4
)]
, (B.33)
D0(m
2 →∞) = i
16pi2
[
1
6m4
+O
(
1
m6
)]
. (B.34)
The non-leading terms will depend upon non-zero kinematic invariants of the scalars.
B.3 Derivation of pentagon scalar integral, E0
We are interested in the case of equal masses for all the internal lines. This is not
to simplify the derivation. The derivation can be carried out using 4-dimensional
Schouten identity [58]. This identity is a result of the statement that εµ1µ2µ3µ4α is
zero in 4 dimensions. Therefore antisymmetric combination of εµ1µ2µ3µ4 and lα should
vanish. This implies,
lαεµ1µ2µ3µ4 = lµ1εαµ2µ3µ4 + lµ2εµ1αµ3µ4 + lµ3εµ1µ2αµ4 + lµ4εµ1µ2µ3α. (B.35)
Schouten identity can also be derived by evaluating, tr(γµ1γµ2γµ3γµ4γα/lγ5) in
4 dimensions. In the case of 5-point function, we have four linearly independent
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momenta p1, p2, p3 and p4. In this derivation, it is more convenient to consider their
linear combinations q1, q2, q3 and q4, defined in chapter 2. Multiplying the above
equation by qµ11 q
µ2
2 q
µ3
3 q
µ4
4 , we get
lαεq1q2q3q4 = l.q1ε
αq2q3q4 + l.q2ε
q1αq3q4 + l.q3ε
q1q2αq4 + l.q4ε
q1q2q3α
or lα =
4∑
i=1
l.qi u
α
i , (B.36)
where uis are dual vectors of qis, satisfying ui.qj = δij (clarify with Eq. 2.22). This is
the same expression as in Eq. 2.31, with m = 4 and ωµl = 0 but with different basis
vectors. Contracting with lα both the sides in Eq. B.36, we get
l2 =
4∑
i=1
l.qi l.ui
⇒ d0 +m2 = 1
2
4∑
i=1
l.ui (di − d0 − ri)
or 2m2 + (2 +
4∑
i=1
l.ui)d0 + l.w =
4∑
i=1
l.ui di, (B.37)
where ri = q
2
i and w
µ =
∑4
i=1 riu
µ
i . Dividing both sides by d0d1d2d3d4 and integrating
over d4l, we get ∫
d4l
2m2 + (2 +
∑4
i=1 l.ui)d0 + l.w
d0d1d2d3d4
= 0. (B.38)
The contribution from the right hand side of Eq. B.37 is zero, because
∫
d4l (lµ di/d0d1d2d3d4) ,
is a linear combination of those qis which are already present in the definition of the
corresponding uis. Further, note that
4∑
i=1
uµi = (ε
µq2q3q4 + εq1µq3q4 + εq1q2µq4 + εq1q2q3µ)/εq1q2q3q4
= εµ(q2−q1)(q3−q2)(q4−q3)/εq1(q2−q1)(q3−q2)(q4−q3)
= εµp2p3p4/εp1p2p3p4 = vµ1 . (B.39)
Also, shifting the loop momentum l→ l − q1 2 in the second term of Eq. B.38,∫
d4l
(2 +
∑4
i=1 l.ui)
d1d2d3d4
=
∫
d4l
(1 +
∑4
i=1 l.ui)
d0d′1d
′
2d
′
3
=
∫
d4l
(1 + l.v1)
d0d′1d
′
2d
′
3
. (B.40)
2Note that the loop integral is UV finite.
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Here d′1 = (l + q2 − q1)2 −m2, d′2 = (l + q3 − q1)2 −m2 and d′3 = (l + q4 − q1)2 −m2.
Once again, since
∫
d4l (lµ/d0d
′
1d
′
2d
′
3) is a linear combination of p2, p3 and p4, the l.v1
term in the above equation does not contribute. Finally, we concentrate on the last
term of the Eq. B.38. Using Eq. B.36, we write
l.w =
4∑
i=1
l.qi ui.w =
1
2
4∑
i=1
(di − d0 − ri) ui.w
=
1
2
4∑
i=1
di(ui.w)− d0(v1.w)− w2. (B.41)
Substituting all these results in Eq. B.38, we get∫
d4l
4m2 − w2 + (2− v1.w)d0 +
∑4
i=1(ui.w)di
d0d1d2d3d4
= 0
⇒ E0 = 1
w2 − 4m2
(
(2− v1.w)D(0)0 +
4∑
i=1
(ui.w)D
(i)
0
)
, (B.42)
which is the desired relation mentioned in Eq. 2.5. In n = 4 − 2 dimensions, this
identity is expected to receive O() correction. This correction is proportional to
5-point scalar integral in n = 6 − 2 dimensions [60]. It may appear that this O()
piece could be important in the n-dimensional reduction of 5-point tensor integrals
of rank m ≥ 2 and we may require its explicit form. It has been argued (and shown
explicitly in some special cases) in Ref. [60], that the O() piece is dropped out in
the reduction of five-point tensor integrals with rank ≤ 5. A general proof is given
in Ref. [126]. Thus, the tensor reduction of five-point functions can be carried out
in n = 4 dimensions without any ambiguity. In the case of five-point fermion loop
amplitudes, considered in this thesis, precise arguments can be given to justify the
five-point tensor reduction in 4 dimensions; refer to Sec. 2.3.2.
In the above expression of E0, We can also take the large m
2 limit. Using the
large m2 limit of the box scalars, given in Eq. B.34, we get
E0(m
2 →∞) = 1
(−4m2)2 D0(m
2 →∞)
=
i
16pi2
[
− 1
12m6
+O
(
1
m8
)]
. (B.43)
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Appendix C
C.1 Examples of fermion loop triangle amplitudes
We would like to give two specific and simple examples of fermion loop amplitudes.
These examples will complement the discussion presented in Sec. 2.3.2, on the special
features of fermion loop amplitudes.
p1, µ, a
p2, ν, b
p2, ν, b
p1, µ, a
H/Z
l l
ρ
H/Z
ρ
Figure C.1: Feynman diagrams for gg → H/Z. The dashed line may represent the
Higgs boson or the Z boson. The 4-vector index ρ is applicable in the gg → Z case
only.
C.1.1 ggH amplitude; p21 6= 0, p22 6= 0
Ignoring the color and coupling factors etc., the tensor structure of the amplitude
may be written as
Mµν(p1, p2) = m2
[
F0(p1, p2) g
µν + F1(p1, p2) p
µ
1p
ν
1 + F2(p1, p2) p
µ
2p
ν
2 +
F3(p1, p2) p
µ
1p
ν
2 + F4(p1, p2) p
µ
2p
ν
1
]
. (C.1)
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The form factors {Fi} are obtained by calculating the triangle diagrams shown in
Fig. C.1. The two diagrams are related by charge-conjugation and they are equal.
The gauge invariance with respect to the gluon currents, i.e.,Mµνp1µ =Mµνp2ν = 0,
relates these form factors. The independent form factors are:
F0(p1, p2) = F0(p2, p1)
= − 4 p
2
1
∆2
(p22 + p1.p2) R1 − 4
p22
∆2
(p21 + p1.p2) R2 +
(4 s p21 p
2
2/∆2 + 16 m
2 − 8 p1.p2) C0 + 8 R, (C.2)
F1(p1, p2) = (−p22/p1.p2) F3(p1, p2),
F2(p1, p2) = F1(p2, p1), (C.3)
F3(p1, p2) = F3(p2, p1)
=
[− 12p21p22(p21 + p1.p2)/(∆2)2 + 4(3p21 + 2p1.p2)/∆2] R1 +[− 12p21p22(p22 + p1.p2)/(∆2)2 + 4(3p22 + 2p1.p2)/∆2] R2 +[− 12p21p22((p21 + p22)p1.p2 + 2p21p22)/(∆2)2+
8((p21 + p
2
2 + 2m
2)p1.p2 + 4p
2
1p
2
2)/∆2 − 8
]
C0 + 8 p1.p2/∆2 R,
(C.4)
F4(p1, p2) = F4(p2, p1)
= F3(p1, p2)− 8 (p21 + p1.p2)/∆2 R1 − 8 (p22 + p1.p2)/∆2 R2 +[− 8((p21 + p22)p1.p2 + 2p21p22)/∆2 + 16] C0, (C.5)
with
R1 = B0(1)−B0(2),
R2 = B0(1)−B0(0). (C.6)
In the above, R (= 1) is used as a flag to identify rational terms and ∆2 = p
2
1p
2
2 −
(p1.p2)
2. Note that all these coefficients are UV finite and they vanish in the decou-
pling limit. We see that, after taking out the overall factor of m2, the rational part
of the amplitude is independent of the quark mass. Therefore, as we described in
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Sec. 2.3.2, the rational part can be calculated utilizing the decoupling theorem even
in amplitudes involving a Higgs boson. For the special case of p21 = p
2
2 = 0,
Mµν(p1, p2) = m2 (gµν − pµ2pν1/p1.p2)
[
8 R + (16m2 − 8p1.p2) C0
]
. (C.7)
In the m2 →∞ limit, this amplitude reduces to an effective ggH-vertex,
iMµνab (gg → H)|m→∞ = δab
αs
3piv
(p1.p2g
µν − pµ2pν1), (C.8)
where we have also included the couplings and the color factor. This is only the
leading effect, obtained by expanding C0 up to O(1/m4) term.
C.1.2 ggZ amplitude; p21 6= 0, p22 6= 0
Since the vector part of the amplitude vanishes due to Furry’s theorem, the most
general form of the amplitude, consistent with the vector current conservation, can
be expressed as
Mµνρ(p1, p2) = F1(p1, p2)
[
pµ1ε
νρp1p2 − p21εµνρp2
]
+ F2(p1, p2)
[
pν2ε
µρp1p2 − p22εµνρp1
]
+ F3(p1, p2) (p1 + p2)
ρ εµνp1p2 + F4(p1, p2) (p1 − p2)ρ εµνp1p2
(C.9)
where, due to symmetry
F4(p1, p2) = 0, F1(p1, p2) = −F2(p2, p1). (C.10)
Here we are not concerned about the overall factors of coupling and color. To obtain
these form factors, we need to calculate the linearly divergent triangle diagrams,
shown in Fig. C.1, in the presence of γ5. We can use any of the n-dimensional γ5
prescriptions, given in the next section, to perform the full calculation in n = 4− 2
dimensions. The form factors thus obtained are:
F2(p1, p2) =
[− 6p21((p21 + p22)p1.p2 + 2p21p22)/(∆2)2 + 10p21/∆2] R1 +[− 6sp21p22/(∆2)2 + 2(p21 + s)/∆2] R2 +[− 6p21p22(p21(p21 + 3p22 + 3p1.p2) + p22p1.p2)/(∆2)2+
4(p21(p
2
1 + 4p
2
2 + 2p1.p2) + 2m
2(p21 + p1.p2))/∆2
]
C0 +
4(p21 + p1.p2)/∆2 R, (C.11)
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F3(p1, p2) = F3(p2, p1)
=
[
6p21p
2
2(p
2
1 + p1.p2)/(∆2)
2 − 2p21/∆2
]
R1 +[
6p21p
2
2(p
2
2 + p1.p2)/(∆2)
2 − 2p22/∆2
]
R2 +[
6p21p
2
2((p
2
1 + p
2
2)p1.p2 + 2p
2
1p
2
2)/(∆2)
2−
8(p21p
2
2 +m
2p1.p2)/∆2
]
C0 − 4p1.p2/∆2 R. (C.12)
Once again, we see that the rational terms are independent of the quark mass, and
the amplitude vanishes in the decoupling limit as a result of the cancellation between
the rational part and the non-rational part of the amplitude. We can calculate the
anomalous contribution to the axial-vector current by dotting the amplitude with
(p1 + p2)
ρ,
Mµνρ(p1, p2)(p1 + p2)ρ = (16m2 C0 + 8 R) εµνp1p2 . (C.13)
The first term on the right side of the above equation, shows the explicit breaking of
the chiral symmetry due the quark mass and therefore non-conservation of the axial-
vector current. Nevertheless, it goes away in the massless quark limit. The second
term is the anomalous contribution and it is independent of the quark mass. The flag
R, confirms that the anomaly affects only the rational part of the amplitude. The
non-conservation of the axial-vector current, even in the massless fermion limit, is the
famous chiral anomaly of V V A-triangle diagrams [142, 143]. For on-shell gluons and
the Z boson,
Mµνρ(p1, p2) = 1
p1.p2
(8m2 C0 + 4 R) ε
µνp1p2(p1 + p2)
ρ,
⇒M(Z → gg) ≡ Mµνρ(p1, p2)e1µe2νe3ρ = 0. (C.14)
Here {ei} are polarization vectors of the gauge bosons and we have used, e3.(p1+p2) =
−e3.p3 = 0, for the Z boson. This is the statement of the Landau-Yang theorem, that
is, a spin-1 massive particle cannot decay into two massless spin-1 particles [144,145].
Although we have proved it in a one-loop calculation, the Landau-Yang theorem
is an exact quantum mechanical statement and it should be valid to all orders in
perturbation theory. In the above, if the Z boson is off-shell, the 4-current (jρ)
attached to it can be treated, symbolically, as its polarization vector. Therefore,
as long as this current is conserved, i.e., jρ(p1 + p2)ρ = 0, the ggZ-amplitude with
on-shell gluons, but off-shell Z boson, will also vanish.
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C.2 γ5 in n dimensions
We discussed in Sec. 2.3.2 that the chiral anomaly, in linearly divergent fermion loop
amplitudes, should be regulated by using an n-dimensional prescription for γ5 in trace
calculations, to ensure the conservation of vector currents and other symmetries of
amplitudes. In 4 dimensions, γ5 anticommutes with all other gamma-matrices, i.e.,
{γ5, γµ} = 0. In n dimensions, the cyclic property of the trace of a string of gamma-
matrices with a γ5 is not compatible with this anticommutation relation [146]. Noting
that, in n dimensions
γα(γµγνγργσ)γα = 2γ
νγργσγµ + 2γµγσγργν + (n− 4)γµγνγργσ, (C.15)
we can write
tr
[
γ5γα(γµγνγργσ)γα
]
= 2 tr
[
γ5γνγργσγµ
]
+ 2 tr
[
γ5γµγσγργν
]
+(n− 4) tr [γ5γµγνγργσ] . (C.16)
On the other hand, assuming the anticommuting property of γ5 and using the cyclic
property of the trace,
tr
[
γ5γα(γµγνγργσ)γα
]
= −n tr [γ5γµγνγργσ] . (C.17)
Here we have used γµγµ = n. Combining the above two results, we get
(n− 4) tr [γ5γµγνγργσ] = 0, (C.18)
where we used, tr [γσγργνγµγ5] = tr [γ5γµγνγργσ]. The final result, clearly, makes
sense only in 4 dimensions and therefore we must have a prescription for γ5 in n
dimensions. The two very common prescriptions, in the literature, are:
1. The ’t Hooft-Veltman prescription: [147]
In this prescription, the n dimensional γµ-matrices are broken into 4-dimensional
and (n−4)-dimensional parts such that γ5 anticommutes with the 4-dimensional
part while it commutes with the (n− 4)-dimensional part, i.e.,
{γµ(4), γ5} = 0, [γµ(n−4), γ5] = 0. (C.19)
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where γµ(4) = γ
µ;µ = 0, 1, 2, 3 and γµ(n−4) = γ
µ;µ = 4, 5, ..., n. Furthermore, all
the external momenta and polarizations are taken in 4 dimensions. However,
the loop momentum remains in n dimensions. Thus,
γ.l = γµlµ = γ(4).l(4) + γ(n−4).l(n−4). (C.20)
2. The Larin’s prescription: [113]
This prescription is very straightforward and one uses
γ5 = − i
4!
εµνρσ γ
µγνγργσ, (C.21)
in the fermion loop trace calculation. In this way of writing γ5, its 4-dimensional
nature is restricted to the fully antisymmetric ε-tensor, which can be multiplied
after calculating the trace in n-dimensions. The trace expression gets very
lengthy with the above γ5. We can use a simpler and more practical form,
γµγ
5 = − i
3!
εµνρσ γ
νγργσ. (C.22)
We have used both these prescriptions to calculate the ggZ-amplitude, discussed
above. Both these prescriptions generate correct rational terms, consistent with the
desired symmetries of the amplitude and the decoupling theorem. We would like to
further comment that special prescriptions for γ5 may be required, if there are odd
number of γ5-matrices in the trace. The 4-dimensional anticommuting property of γ5
can be used safely, in presence of even number of γ5-matrices in the trace.
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Appendix D
D.1 Feynman rules
We have given here the ADD model Feynman rules for those vertices which appear
in our processes considered in chapter 4; see Figs. D.1 and D.2. These are taken from
the Ref. [48]. The tensor structures which appear in these rules are given by
Cµν,ρσ = gµρgνσ + gµσgνρ − gµνgρσ, (D.1)
Dµν,ρσ(k1, k2) = gµνk1σk2ρ −
[
gµσk1νk2ρ + gµρk1σk2ν − gρσk1µk2ν + (µ↔ ν)
]
,
(D.2)
Eµν,ρσ(k1, k2) = gµν(k1ρk1σ + k2ρk2σ + k1ρk2σ)−
[
gνσk1µk1ρ + gνρk2µk2σ + (µ↔ ν)
]
.
(D.3)
Note that for the on-shell production of the KK-graviton, the terms proportional
to gµν do not contribute due to the traceless condition of the graviton polarization
tensor. The SM Feynman rules used in thesis are taken from [52].
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::
:
−iκ8 [γµ(k1 + k2)ν + γν(k1 + k2)µ
k1
k2
k1
k2
µν
µν
µν
k1
k2
σ, b
ρ, a
−2gµν(/k1 + /k2 − 2mf)]
−iκ2
[
M 2H gµν + Cµν,ρσ k
σ
1k
σ
2
]
−iκ2 δab [(M 2A + k1.k2)Cµν,ρσ +Dµν,ρσ(k1, k2)
+1
ξ
Eµν,ρσ(k1, k2)]
Figure D.1: Feynman rules for 3-point vertices in the ADD model. The zig-zag line
denotes the KK-graviton. The dashed line is for the Higgs boson while the curly line
may denote any gauge boson with mass MA. κ =
√
16piGN =
√
2/MP , and ξ is the
gauge-fixing parameter.
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::
:
−iyf κ2 gµν
k1
k2
k1
k2
µν
µν
µνk1
k2
σ, b
ρ, a
−igs κ4 ta [Cµν,ρσ − gµνgρσ] γσ
−i αs3piv κ2 δab [k1.k2 Cµν,ρσ + Dµν,ρσ(k1, k2)]
ρ, a
Figure D.2: Feynman rules for some of the 4-point vertices in the ADD model. The
Yukawa coupling, yf =
1
2
gw(mf/MW ). The last vertex is derived in an effective theory
of ggH coupling.
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